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PREFACE. 

Euclid's proofs are adhered to in this Edition. Each pro- 
position is set out in a form which beginners may take as a 
model for their written work in Euclid. A fresh line is commenced 
with each new step, and the usual abbreviations for words are 
employed, but not symbols of operation. The diagrams are large 
and accurately drawn, and the letters to them are varied. On the 
page facing each proposition the different definitions, postulates, 
axioms, and propositions, which are used in the construction or 
demonstration, are stated in fiill. These references are followed 
by Exercises which are numerous and simple, most of them being 
obvious deductions from the proposition to which they are attached, 
and similar to those set in the University Local and Previous, 
the Army Preliminary, the Naval Cadetship, and other Public 
Examinations. 

Thus a boy preparing a proposition has no need to turn over 
leaves, but has everything clearly before him to enable him to 
comprehend and master his work, at the same time that his eye is 
being accustomed to the method in which Examiners expect 
propositions to be written out. 

BRAITHWAITE ARNETT. 



Cambbidoe, 

January^ 1885. 



ABBREVIATIONS. 

•.*, because, since ; .\, therefore. 
=, is equal to, are equal to, be equal to. 
St., straight ; rt., right. 
L , angle ; L s, angles, 
intr., interior ; extr., exterior, 
xr, perpendicular; ||, parallel. 
1 1 gram, parallelogram. 
A , triangle ; as, triangles, 
sq., square ; sqq., squares. 
Post., Postulate ; Ax., Axiom ; Def., Definition. 
Constr., Construction; Hyp., Hypothesis. 
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BOOK I. 

DEFINITIONS. 

1. A point is that which has no parts, or which has no 
magnitude. 

A point is indicated by a dot, and named by a letter, as, the point A . 

2. A line is length without breadth. 

A B i 



3. The extremities of a line are points. 

The intersections of lines are points. 

A line is named by two letters marking points in it, as, the Une AB, 

4. A straight line is that which lies evenly between its extreme 
points. 

Straight lines are sometimes called right lines. 

Other lines are said to be curved. 

The bisection of a line is the point that divides it into two equal lines. 

5. A superficies is that which has only length and breadth. 

A superficies is also oaUed a surface. 

The length, breadth, and thickness of a body are called its dimensions. 
A magnitude which has three dimensions is a solid. 

A surface has two dimensions; a line, one dimension; a point, no dimensions, 
but only position. 

6. The extremities of a superficies are lines. 

The intersections of superficies are lines. 

7. A plane superficies is that in which any two points being 
taken, the straight line between them lies wholly in that super- 
ficies. 

A plane superficies is generally called a plane. 

A. E. 1 



Euclid's elements. 



8. A plane angle is the inclination of two lines to one 
another in a plane, which meet together, but are not in the 
same direction. 

9. A plane rectilineal angle is the inclination of two straight 
lines to one another, which meet together, but are not in the same 
straight line. 

The two lines are caUed the arms of the angle, and the point at which they 
meet the angular pointf or vertex of the angle. 

An angle is denoted (i) by a single letter at the vertex, as, the angle A^ the 
angle at ^; or (ii) by three letters^ as, the angle BAG, the middle letter, A, 
being at the vertex, and the other two anywhere along the arms, one on each. 




When two or more angles are at one point, each of them must be named by 
three letters, as, the angle QPR, the angle QP8, the angle SPR, 




When a straight line AO meets another line BOG at the point 0, AO is said 
to make with BOG the angles AOB^ AOG; and these angles, which have a 
common vertex and a common arm and are on opposite sides of the common 
arm, are called adjacent angles. 



B 



When two straight lines AD, BG intersect at O, the lines are said to make 
with each other the angles BOA, AOG, GOD, DOB; and the angles AOB, COD 
are called vertical, opposite angles, as are also the angles AOG, BOD. 




DEFINITIONS. 3 

Tha size of an angle doea not depend on the length of ita arms, v.'hiGh iQB,y 
be Bhoitoned or lengthened irithoat making any change in the angle. If a, 
straight line have one of its enda on the Tortex of an angle and he turned abont 
the vertex in the plana of the angle from the position of coinoidiog with one 
arm to that of coinciding with the other arm, the line is said to tnm through the 
angle, and the angle ia greater or less as the amount of taming is greater or less. 

Angles are said to he eqaal when the; conld he placed on one another bo that 
their vertiaeB woold coincide in position and their arms have the same directions. 

10. When a straight line standing on another straight line 
makes the adjacent angles equal to one aaother, each of the 
, angles is called a right angle; and the straight line which stands 
on the other is called a 'perpendicular to it. 



When one line ia perpendionlar, or at right angles, Xo another, the latter it 
also perpendicular, or at right angles, to the former. 



The right angle is of constant magnitude and is therefore made the standard 
with which all other angles are compared. 

A reflex or re-entrant angle is one that is greater than two right angles. 

11. An obtuse angle is that which ia greater than aright angle. 



12. An acute angle is tliat which is less than a right angle. 



When two angles together equal a right angle, each ia called the complement ol 
the other. 

When two angles together equal two right angles, each is called the siijiplcmenl of 
the other. 

The bUsctoT of an angle is the line that divides it into tivo equal angles. 



4 EUCLID S ELEMENTS. 

13. A term or boundary is the extremity of any thing. 

14. A. figure is that which is enclosed by one or more boundaries. 
The area of b plane figure is the amount of apace enclosed by its boundary or 

l>ouiidariea. 

15. A circle is a plane figure contained by one line, which 
is called the circumference, and is such that all straight lines 
drawn from a certain point within the figure to the circumference 
are equal to one another. 
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16. And this point is called the centre of the circle. 
A cirole ia named by three letters marking poiiitB on ite circumference, 

17. A diameter of a circle is a straight line drawn througJi 
the centre, and terminated both ways by the circumference. 

A radius (plaral, radii) of a cirole is a atraigbt line drawn from tho centre 
to the oircumfereuce. By the defioitiou of a circle all radii of a circle are equal to 
oue another. The radius of a circle is half the diameter. 

Any part of a circumference is called an arc. 

The sbaighl line nhicll joins the extremities of an arc is calleil the chord of 
that arc. 

18. A semicircle is the figure contained by a diameter and 
the part of the circumference cut off by the diameter. 

The centre of a. semicircle ia the same with that of the circle. 

19. A segment of a circle is the figure contained by a straight 
line and the circumference which it cuts off. 

20. Rectilineal figures are those which are contained by 
straight tinea. 

These stiaiglit lines are called tides; and the sum of the Eides of ajiy rectilineal 
figure is called its perimeUT. 

A rectilineal figure is said to be applied to a line when it is constructed with 
this line as oue of its sides. 

A rectilineal figure is named by the lettera which marlt the angular points 



. DEFINITIONS. 5 

21. A triangle is a plane figure contained by three straight 
lines. 

The side which is opposite to any angle of a triangle is said to subtend that 
angle, and the other two sides are said to contain or inclvde the angle. 

22. A quadrilateral is a plane figure contained by four straight 
lines. 

A diagonal of a quadrilateral is a line joining two opposite angles. 

A quadrilateral is sometimes named by two letters marking opposite angles. 

23. A polygon, or multilateral figure^ is a plane figure con- 
tained by more than four straight lines. 

A polygon with five sides is called a pentagon, 
„ ,, six ,, ,, a hexagon. 



»i 



„ seven „ „ * heptagon, 

y, eight , , it an octagon. 



,, ,, nme ,, ,, a nonagon, 

„ „ ten ,, it a decagon, 

eleven ,, „ an undecagon. 
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twelve ,, it a dodecagon. 

A regular polygon is one that has all its sides and angles equal. 
A diagonal of a polygon is a line joining any two angles which have not a 
common arm. 

A polygon is convex when none of its angles are reflex or re-entrant. 



Classification of triangles. 
24. An equilateral triangle is one that has three equal sides. 




25. An isosceles triangle is one that has two sides equal. 




The third side is generally called the base of the triangle. 



Euclid's elements. 
26. A scaiene triangle is one that has three unequal sides. 




27. A right-angled triangle is one that has a right angle. 




The side subtending the right angle is called the hypotenuse. 



28. An ohtuse-angled triangle is one that has an obtuse angle. 




29. An acute-angled triangle is one that has three acute 
angles. 




When two sides of a triangle have been mentioned, the third side is called 
the hdse. 

When a triangle is regarded as standing on one of its sides, this side is called its 
hase^ and the opposite angular point its vertex. 

Two triangles are eqxial in all respects or identically equal when the three sides 
and the three angles of the one are respectively equal to the three sides and the 
three angles of the other, and the area of the one is equal to the area of the other. 

A straight line drawn from any angle of a triangle to the bisection of the 
opposite side is called a median of the triangle. 



DEFINITIONS. 



Classification of QuadHlaterals. 

30. A square is a four-sided figure which has all its sides 
equal, and all its angles right angles. 



31. An oblong is a four-sided figure which has all its angles 
right angles, but not all its sides equal. 



32. A rhombus is a four-sided figure which has all its sides 
equal, but its angles are not right angles. 




33. A rhomhoid is a four-sided figure which has its opposite sides 
equal to one another, but all its sides are not equal, nor its angles 
right angles. 




34. All other four-sided figures besides these are called 
trapeziv/ms. 

35. Parallel straight lines are such as are in the same plane 
and which being produced ever so far both ways do not meet. 
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A parallflogram is a four-aiiled figare whioh haa its oppoaite aidos parallaL 

A rtctangle is a riglit- angled parallelogram, and ie the same figure ai the 

Wban a straight line interseota two other straight lines it makeB with them 
eight angles, which arc named as foUows: 
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POSTULATES. 



ny reapectiTebr^^^^l 



A posJufaie is a request made by Euclid to be allowed to make an elementary 
eunstructiou, when needful, without an; statement of the method employed, 
e the three postulatee ; 



any o 



Let it be granted that a straight line may be drawn from 
le point to any other point. 

2. Let it be granted that a terminated straight line may be 
produced to any length in a straight line. 

3. Let it be granted that a circle may be dcBcribed from any 
centre, at any diatance from that centre. 

In making these poatulatea Euclid lestricta himself for the purpose of oou- 
stmcting hia figures to the use of the itraight edge of a ruler, which iDnet not 
be graduated to enable distances to be measured, and of compasses, whioh must 
not be employed otherwise than to describe a circle whose centre is one end of 
a line and whose circomference passes tlirough the other end of tlie line. 

When a straight line is drawn between two fixed pointa which are its enda, 
it is called a/mite itraight line. 

When a straight line may eitend to any length in either direction, or in both, 
it is called an indefinite itraisht line. 



POSTULATES. 9 

If a point C be taken in a line jtS between A and B, tbeline ABia said to bo 
l.dividad internally in C; and AC, BC, taken from each end of the line to the point 
t'ltf leetion C, axe called the ugments uf AB, 

If the point C be luk«u in AB produced, the line AB ie said to be exlenuilly 
divided in C; and AC, BC, taken from each end of the line AB to the point of 
eclion C, are still oalled the legiitenli of AB. 

When the sides of a triangle are produced both ways, there are formed at the 
rertices of the triaugle nine additional angles, tliree of wliicli are viirlicolly opposite 
o tbe interior nngleti of the triangle. Tiie other six ore called c-ctrrior angles of the 
I triangle. 




Thus in the diagram, FdS, AllH, DBC, BCG, EGA, CJSTare eilerior angles. 
' "When one of these, as the angle ACE, is taken, the adjacent angle ACB is called 
' the interior adjacent angle, and the other two interior angles CAB, ABC ore callad 
the interior and oppoiite angles. 

AXIOMS. 

An axiom in a statement tbe trnth of which Euclid assmoes without any 
demonstration of the sajne. 

The hrst seven and tbe ninth axioma are applicable to other than geometrical 
magnitodes. 

1. Things which are equal to the same thing are equal to one 
another. 

2. It" equals be added to equals the wholes are equal. 

3. If equals be taken from equals the remainders are equal. 
The three axioms above are frequently used in Book I. 

4. If equals be added to unequals the wholes are unequal. 
This axiom may be divided into the two following eases, tho first of which is 

1 needin Props. XVn., SXI. and XXIX.: 

(i) If A and B be equal, and C be greater than D, 

then the sum of A and C is greater than the sum of B and D. 
(ii) If A and B he eiiual, and C be less than D, 

then the sum of A and C is less than tbe sum of B and D. 
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unequal. 

This a: 



If equals be taken from unequals the remainders are^ 



it used in Baohl. 



6. Things which are double of the same thing are equal to 
one another. 

This asiom is used in Props. XSXV., TT.TT ,, XLVH. 

7. Things which are halves of the same thing are equal to one 
another. 

Thia axiom Is used in Propa. XXXVn., XXXVUI, 

8. Magnitudes which coincide with one another, that is, which 
exactly fill the same space, are equal to one another. 

This axiom as to equal magniludeB, Bometimea oalled Euclid's teit of equalitij, 
is used in Propa. IV. and VTU. 

In the applicdtioQ of tbe eighth axiom to prove two magnitudes eqaal, it is 
assumed that a magnitude, whether it be a line, an angle, or a figure, can be moved 
from ono position to another without chEinging its size or form. The mental 
placing of one geometrical magnitude on another, such as a line on a line, or a 
triangle on a triangle, is called auperpoaition. 'By this axiom if two geometrical 
magnitudes can be conceived to be placed, one on the other, so that their several 
parts and boundaries exactly coiucide, the magnitudes are equal. 

Figurea which can ba made to coincide by Buperpositioi 
congruent figurea. 



9. The whole is greater than its part. 

10. Two straight lines cannot enclose a space. 
I'hia axiom conceruiug straight lines ia used in Prop. rv. 



11. All right angles are equal to one another. 
This axiom oonceming the right angle is used in Props. XIT., XV., XXVUI. 

and XLVII. 

12. If a straight Une meet two straight lines, so as to make 
the two interior angles on the same side of it taken together less 
than two right angles, these straight lines, being continually pro- 
duced, shall at length meet on that side on which are the angles 
which are leas than two right angles. 

This axiom, on which the propositions regarding parallel straight lines are 
founded, is oaed in Propa. XXIS. and XLIV. 
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PROPOSITIONS. 11 

PROPOSITIONS. 

A propmition h a proposal to prove or to do BonictMng. 

A corollary to a proposition is qd inference which m&y be deduced immediately 
t from thnt proposition. 

A lemma ia a propoaitlon which is demonstrated for the pnrpoae of giving 
I BBBietance io the demoDstration of Bnothiir proposition. 

There are two kindfl of propoBitions: — Theocema and Problema. 
A thiorem ia a proposition in which ia demonstrated the tmth of certain 
[ Btatementa of the properties of speoified linea, angles, or figures. 

A theorem consists of two parts : — the bypothesia ( supposition), that which is 
I ossumad, or granted: and tlie coJicImiDii, that which ia stated to follow from the 
I hTpothesis. 

d of a theorem is an abbreviation of Qvod eral demonatrandum, 
which was to be proved. 

5 Bttid to be the comieree of another theorem when the hypothesis 
□f each is the conduBion of the other. The converse of a true proposition is noi 
neceasaiily true. 

The obvene of a theorem is formed by writing negatively the hypothesis and 
conclusion of the original theorem. 
Thus, if the original theorem be : 

If J iaC, then C ia D ; (i) 

If CisD, then Jiafi; (ii) 

its obversB is : 

It A is not B, then C is not D ; (iii) 

and the obverse of its converse 
r the converse of its obverse is : 

If Cianot D, then J is not B (iv) 

Theorem (iv) is called the contTapositive of (i). 
Thus also (iii) is the contrapositive of (ii). 

If of these theorems any two, which are not contrapositive of one another, are 
farae, it follows that the rest are true. 
For example, take the theorem : 
If two aidcB of a triangle be equal, the opposite angles 
;are e<;[ual. I. v. 

Its obverse is : 

The greater aide of every triangle has the greater 
■ angle opposite to it. I, xviii. 

Hence the converse theorem must foUow : 

If two angles of a triangle be equal, the subtending 
sides are equal. I. vi. 

.And the converse of the obverse r 

The greater angle of every triangle ia subtended by 
the greater side. L XIX. 

Propositions IV. and XXIX. may be taken as other examples in Dook I. 
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PROBLEMS IN SECTION 1 



A problem is a propoeitian in wbiob ia determined tbe (nethod by whicli lines 
may be drawn, angles madu, or Ggnres described, bavint; speoiGed properties. 

A probkm consists of Iwo partH:— the data, the things given: and the 
qamaitft, the thinjjs required to be done. 

0. E. r. at Oia end of a prohlem is an abbrenation of Qnod eral facitndiim, which 



PROBLEMS IN SECTION I. 

DATA. Qn^sm. 

PROPOSITION I. 
Given a finite straight line, describe an equilateral triangle < 

PROPOSITION n. 
Giren a point and a straight line, 

PROPOSITION m. 
e greater 



Given a rGctlUneal angle, 



PROPOSITION IS. 
bisect it. 



PROPOSITION S. 
Given a finite straight line, hiaect it. 

PROPOSITION XI. 
Given a straight line and a point in it, from the point draw a. straight line a 
right angles to the line. 

PROPOSITION xn. 



PROPOSITION sxn. 

Given three straight linei, any two describe a triangle having its sides ri 
vbatever of which are greater than the spectively ei^ual to the tbnie lines, 
third, 

PROPOSITION XXIII. 
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PROBLEMS IN SECTIONS II. AND 



n 



PROPOSITION XSXL 

Given a point and a straight line. throagli the point draw a straight line 

parallel to the line. 

PROPOSITION XLII. 
Oiven a triangle, and a rectilineal di^sciibe a parallelogram eqaal to tlis 



PROPOSITION XLIV. 
Given a straight line, a triangle, and to the line apply a parallelogram equal 
a rectilineal angle, to the triangle and having an angle 

equal to the angle. 

PROPOSITION XLV. 



COBOLUBT. 

1 reotilinoal to the line appi; a parallelogrsm eqnal 



PROPOSITION XLVI. 

describe a egaare oi 



The enunciation ol a. prapositian is Che genera! etatement of what is supposed or 
given, and of what has to be proved or done. 

The demoJwtralion of a proposition consiata of BUCOessive stepa of reasoning by 
which it is shewn in a theorem that the conclusion followa from the hypotheaia ; 
and, in a problem that the conatrnction effects what was proposed to be done. 

When a proposition has been proved by the direct method of demonstration 
from results previously assumed or established, its converse is nsuolly demonstrated 
by Euclid indirectlij. Proposition XLVIII, however, is an eiception. The indirect 
method of demon stration, called the reductio ad abmrdura, is one in which a state- 
ment is proved to be true by its being shewn that the assumption of the falsity of 
the statement leads to ooQclueions that are known to be untrue. Vide Propositions 
VI, Vm, XIV, XIX, XXV, XXIX, XXXIX, XL. ProposiUons which take the form 
of a denial that certain properties or constraotious are poasiblo must of necessity be 
proved indirectly, as Proposition VII. 



CHABT OF THEOREMS IN SECTION I. 
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CHART OF THEOREMS IN SECTION I. 

SHEWING THE PROPOSITIONS REQUIRED IN THE DEMONSTRATION 

OF EACH. 
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For example, to prove Proposition XXIV there are used Props. IV, V, and XIX. 
No previons proposition is employed in the proof of Proposition IV. Proposition VI 
is not required by Euclid in Section I. 
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PROPOSITION I. PROBLEM. 

To describe an equilateral triangle on a given finite straight 
line. 

Let AB be the given st. line. 
It is required to describe an equilateral A on AB. 




From the centre Ay at the distance AB, describe the circle 

BXG. Post. 3. 

From the centre B, at the distance BA, describe the 

circle AXD. Post. 3. 

From the point X, in which the circles cut one another, 

draw the st. lines XA, XB, to the points A, B. Post. 1. 

Then ABX shall be an equilateral A. 

•/ the point A is the centre of the circle BXG, 

.'. AX = AB. Def. 15. 

And •.• the point B is the centre of the circle AXD, 

:. BX = AB. Def. 15. 

But it has been shewn that AX = AB\ 

:. AX, BX each = AB. 

But things which are equal to the same thing are equal 

to one another ; 

:.AX = BX; Ax.l. 

.'. AB, BX, XA are equal to one another. 

Wherefore the A ABX is equilateral, and it is described Def. 24. 
on the given st line AB. 

Q. E. F. 



r SECTION 1.] 



PROPOSITION 1 



BEFEBEN0E8. 
Dsf. 15. A eirale is a plane figure contained b; one line, which is colled the 
ronmforGnde, and is such that all straight lines drawn troni a certain point within 
tlie Ggarc to the circmnferecce are equal to one another. 
Del, 24. 



to any otliei point. 



n equilateral triangle is one that has three egaal sides. 
Let it be granted that a straight line maj be drawn from anyoi 



EXERCISES. 

1. What IB the perimeter of the equilateral triangle ABC, when 
£C = 5{t.t 

e of Prop. I. be produced both ways to meet 
i tax equilateral triangle CD2 be described on 

CD, how many times will the perimeter of the triangle CD2 contain 

ABI 

"With the Bame figure ahew that if Y be the other point in 
which the circles BXC, AXD cut one another, the quadrilateral AXBY 
' ia equilateral. 

4. An equilateral triangle ABC ia described on BC, one of the 
aides of a square BCDE\ prove that the pentagon ABEDC ia equi- 
latraul. 

fl. TJsinq the figure of Prop, i, describe a circle with centre X 
I and radius XA and prove that this circle will pass through B; also 
if it cut the circle BXC at ¥ and the circle AXD at Q, shew that 
the triangles PAX, QBX will be equilateral. 

6. Find a straight line equal to the perimeter of a triangle. 

. Produce a straight line PQ to R, so that QR may be equal to 
also shew how to find a straight line five times the length of 
B given straight line. 

8. From the extremity Q of & straight line PQ draw three other 
straight lines each equal to PQ, 



9. TTpoR a given base describe an isoacelei 
the equal aides double of the baac. 



triangle, having each of 
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PROPOSITION II. PROBLEM. 

Fr<ym a given pcdnt to draw a straight tine equal to a given 
straight lins. 

Let P be the given point, and MN the given st. line. 
It is required to draw from the point P a st. line equal to 





From the point P to M diaw the at. line PAI, Post. I. 

upon PM describe the equilateral A PMO, I. i. 

and produce the st. lines OP, OM to Q and R. Post. 2. 

From the centre M, at the distance MN, describe the 
circle N8T, cutting OR in the point T, Post. 3. 

and, from the centre 0, at the distance OT, describe the 
circle TUX, cutting OQ in the point X. Post. 3. 

Then the st. line PX shaU = JtfiV. 
■.' the point M is the centre of the circle If ST, 
.-.MN^MT. 
and ■.■ the point is the centre of the circle TUX, 

.-. OX=OT, 
and OP, OM, parts of them, are equal ; 

.■. the remainder PX = the remainder MT. 
But it has been shewn that MN = MT; 
.-. PX, MN each = MT. 
But things which are equal to the same thing are equal to 
one another ; 

..PX=MN. Ax.l. 

Wherefore _/v'o»i the given point P a st. line PX has been 
drawn equal to tfie given st. line MN. 

q. E. r. 



Def. 15. 

Def. 15. 

JJef. 24. 

Ax. 3. 



PROPOSITION II, 



REFEBENCES. 



Def. 16. A circle i« a plane figura oontBiii(!<l by one line, which ie called the 
«Toumferen(», and ia Bach that all straight tines drawn from a certain point within 
the figlire to the oircnmference are equal to one anotlier. 

Def. 24. An equilateral triangle ia one that Laa three equal sides. 

Post. 1. Let it be granted that a straight line may be drawn from any one potal 
to any other point. 

Post. 3. Let it be granted that a terminated straight line may be produced to 
any length in a straight line. 

Post. 8. Let it be granted that a circle may be deeeribed from any centre, at 
an; distance from that centre. 

Ax. 8. If eqaala bo taken from equals, the remainders are equal. 

1. 1. To describe an equilateral triangle on a given finite straight line. 



EXERCISES. 

1. is the centre of two circles PQR, UNO ; radii CP, CQ of the 
larger circle cut the circumference of the smaller circle at AI, N ; shew- 
that MP is equal to A'Q. 

2. If the given point in Prop. ii. be joined with the other end of 
the given straight line, and the equilateral triangle be described {a) on 
one side, {b) on the other aide of this line, if also the sides of the 
equilateral triangle be produced through the vertex as well as beyond 
the base, draw four figures shewing the coustmctiotia, and give the proof 
in each case. 

J. In OP produced take any point Q, and from Q di-aw a straight 
I line equal to OP. 

4. Solve the problem, Prop, ii, when the given point is the vertex 
an equilateral triangle described on the given straight line. 



). On the given base 
each of the sides equal to 
LxdMN. 



MN" describe an iaoacelea triangle having 
1 given straight line, greater than the half 
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PROPOSITION III. PROBLEM. 

From the greater of two given straight lines to cut off a part 
equal to the less. 

Let A and BG be the 2 given st. lines, of which BG is the 
greater. 

It is required to cut off from BG, the greater, a part equal to 
A, the less. 




From the point B draw the st. line BMeqaal to A, I. Ii. 

and from the centre 5, at the distance BM, describe the 
circle MXN, cutting BG in X. Post 3. 

Then BX shall =« A. 
•.• B is the centre of the circle MXN, 

.-. BX = BM. Def. 15. 

But^=:JBilf, Cmstr. 

:. BX, A each = BM, 

.\BX=^A. Ax.l. 

Wherefore /rom BG the greater of two given st lines a 
part BX has been cut off equal to A the less. 

Q. E. F. 



PROPOSITION in. 



EEFEBENCEa. 



Def. 15. A nirole is a plane figure coataiaed b; one line, which ia called the 
cuonmfereitce, and ia auoh that nil straight lines drawn from a certain paint within 
the figure to the oiroumferenee are equal to one another. 

Foat. 3. Let it bo granted that a circle ma; be dssoiibed from an; oenbe, at 
an; distoiiae from that centro. 

Ax. 1. Thinga which are equal to the same thing are equal to one anotlier. 

L 11. From a given point to draw a straight line equal to a given straight lino. 



Dra 



EXEEGI8ES. 
Htraight line equal to the difference of two giren 



straight 

2. Produce the leas of two given straight lines 
equal to the greater, 

3. Draw a straight line equal to the 



that it may be 

of two given straight 

itraight line, and PQ is equal to RS; ahew that PS 



1 together double of the 



4. PQRS 

is equal to ^.S*. 

E. In a straight line MNOPQ, MO ia equal to NP, NP to OQ, and 
OPlo PQ; shew that iV ia the middle point of MO. 

6. The sum and difference of two lines 
greater of them. 

7. AB is a straight line produced to C, so that BG ia equal to AB; 
in BC any point P is taken; ahew that twice BP ia equal to the 
difference ot AP and PC. 

8. A straight line AB ia produced to D, and from BD a pai-t BC ia 
cut off equal to AB ; in CD any point P is taken; shew that BP ia 
equal to half the sum of AP and PC. 



4 
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PROPOSITION IV. THEOREM. 

If two triangles have two sides of the one equal to two sides of 
the other, each to each, and liave also the angles contained hy those 
sides equal to one another, they shall also have their bases or third 
sides equal ; and the two triangles shall be equal, and their other 
angles shall be equal, each to each, namely, those to which the equal 
sides are opposite. 

Let FOH, LMF be two As, which have the two sides FG, 
FH equal to the two sides LM, LN, each to each, namely, FG to 
LM, and FH to LN, and the ^ GFH equal to the ^ MLN. 

Then the baae GH shall = the base MN; and the A FGH 
sliall = the A LMN ; and the other ^ a shall be equal, each to 
each, to which the equal sides are opposite, namely, the Z FGH to, 
the ^ LMN, and the z FHG to the A LNM. 





For, if the A FGH be applied to tho A LMN, 

80 that the point F may be on L, and the st. line FG on LM ; 

then the point G will coincide with the point M, 

■.FG^LM; Hyp. 

And, FG coinciding with LM, 

FH will fall on LN, 
:• the^GFH= the ^ MLN; Hyp. 

.-, also the point H will coincide with the point N, 

■.■FH = LN. Hyp. 

But the point G was shewn to coincide with the point M; 
.-, the base GH will coincide with the base MN, 
■.■ G coinciding with M, and H with N, 
if the base GH does not coincide with the baae MN, 
two straight lines will enclose a space, which is impossible. Air. 10. 
. ■. the base Off coincides with the base MN, and = it. Ax. 8. 
.-. the whole AFGH coincides with the ALMN, and = it. Ax. 8. 
and the other Z a of the one coincide with the other Z s of 
the other, and are equal to them, 

namely, the z FGH to the z LMN, 

and the Z FHG to the z LNM. 

Wherefore if two triangles tbc. q. e. I). 



PROPOSITION IV. 



BEFEBENCES. 



Ax. B. Magnitudes which coincide with ci 
I same Bpace, ace equal to one anotlier. 
Ax. 10. Two straight lines cannot enelose 



1 another, that is, which exactly 611 



I 



The Bides AB, AD oi the quadrilateral ABCS are equal, and the 
■'diagonal AG bisects the angle BAD. Shew that £C is equut to CD, and 
I ifliat AC bisects the angle BCD. 

2. The diagonals of a square are equal. 

3. ABCl) is a square and E, F, G, H the middJe points of the 
sides ; shew that tlie figure EFGIl m equilateral. 

ABC, DEF, GHiC&re three triangles. Each of the sidea AB, 
DF, BK is 6 inches long, and each of the aides AC, EF, Gil, i inches 
> each of the angles BAC, DEF, GHK is a right angle. 
"Which of the triangles are equal in all respects 1 

5. The angle BAC of a scalene triangle ABC, which has AB 
greater than AG, ia biaected by AD meeting the base at D. From 
AB cut off AE equal to AG, join DE, and prove that DE b equal to 
DC, and that the angle EDG is bisected by AD. 

The straight line which bisects the vertical angle of an isosceles 
triangle bisects the base at right angles. 

Two triangles eq\ial in all reapecta and having a common side 
lie on opposite sidea of it ; prove that the line joining their vertices is 
.^ther perpendicular to the common side, or else divides the figure formed 
'liy the triangles into equal parts. 

From any point E in the straight lice CD two equal straight 
IJJnea EA, EB, are drawn making equal angles with ED, and CA, DA, 
CB, DB are joined ; prove that the triangles ACD, BCD are equal in 
'all respects. 

Prove Prop. iv. beginning the superposition at G instead of at /". 
'. If two squares have a side o£ one equal to a aide of the other, 
«>rove by euperposition that the squares are equal in all respects. 

[Hence, any square whose side is equal to a given straight line is colled the square 
that line.'] 

Two quadrilaterals have three sides of the one equal to three 
[es of the other, each to each, and the angles contained by equal 
ides equal, each to each ; prove by Buperpoaition that the quadrilaterals 
are equal in all respects. 

12. In the two pentagons ABCDE, FGBKL, AB, BG, CD, DE 
are respectively equal to FG, GH, HE, KL, and the angles ABC, 
BCD, CDE are respectively equal to the angles FGII, GHK, HKL ; 
shew by superposition that the pentiigons are equal in all respects. 



30 Euclid's klements. [book t. 

PROPOSITION V. THEOREM. 

The angles at the base of an iaoacelea triangle are equal to one 
another ; and if the equal sides be produced the angles on the oilter 
side of the base shall be equal to one another. 

Let ^5C be an isosceles A, of which the aide AB= the siiie AC, 
and let the equal sides AB, AC be produced to D and £. 
Then shall the ^ ^BC= the ^ACB, and the Z GBl? = the Z BCE. 




J 



In BD take any point F; 
from AE the greater cut off AG equal to jli^the less, I. HI. 

and join fO, GS. Post. 1. 

:• AF^AG, and AC=AB, Constr. 

the 2 sides FA, AC = the 2 sides GA, AB, each to each, and 
they contain the Z FA common to the 2 A s AFC, A GB ; 

.-. the base FC = the base GB, I. iv. 

the A AFC = the A AGB, and 
theremainingZsoftheone = theremainingZs of the other, 
each to each, to which the equal sides are opposite, 
namely, the z ACF to the Z ABG, 
and the Z AFC to the ^ AGB. 
And '.' the whole AF= the whole AG, Consti 

of which the part AB = the part AG ; ^!/P- 

.: the remainder BF = the remainder CG, 
and FG was shewn = OB; 
.: the 2 sides BF. FC = the 2 sides CG. GB, each to each, 
and the Z BFG was shewn = the Z CGB ; 
.-. the Aa BFC. CGB are equal, 
and their other Z a are equal, each to each, to which the equal 
sides are opposite, 

namely, the z FBC to the Z GOB, 
and the Z BCF to the Z CBG. 
And'.' it has beenshewn that the whole Zs^BG,ilOJ'areequal, 
and that the parts of these, the Z s CBG, BCF, are equal ; 
.-. the remaining Z ABC = the remaining Z ACB, 
which are the Z a at the base of the A ABC. 
And it has also been shewn that the z FBC = the Z GGB, 
which are the Z s on the other side of the base. 
Wherefore the angles c£-c, 



Corollary. Hence evory equilateral 
i^ular. 



Q. E. D. 

■ is also 



'up- 

;. 3. 
[. IV. I 



PROPOSITION V. 



BEFEKENCES. 
Post. 1. Let it be grantcil tHat a straight line maj be drawn from any onu 
^ point to any other poiot. 

Ax. 3. If eiinals be taken from eqianls the remainderfl arc equal. 

I. m. From tho greater of two giveo straight lines to cot ofF a part equal to iJio 

J. IV. II two triangles liave two sides of the one equal to two sides of the other, 
each to eacli, and have also the angles contained by those sidei^ equal to one another, 
they shall also have their bases or third sides equal ; and the two triangles shall be 
equal, and their other angles shall be equal, eaeh to ench, namely those to which 
the equal sides are opposite. 

EXERCISES. 



1. An equitatflral triangle NMO is described on NO, a side of tho 
square NOPQ ; shew that the angle MNQ is equal to the angle MOP. 

2. A square ABCD and a rhombus ABEF have a aide AB common ; 
prove that the angle BCJS ia equal to the angle BEG. 

3. The opposite angles of a rhomtua are equal. 

4. ACB, ADB are two isosceles tria-nglea on the same base and on 
the same side of it; prove that the angle between CA and DA, both 
produced, is equal to the angle between CB and DB, both produced. 

6. A quadrilateral ABCD has the sides AB, AD equal to one 
another, and also the sides BC, CD equal ; prove that the angles ABC, 
ADC are equal to one another. 

6. ABC is a acalene triangle. On AB, produced if necessary, take 
J/) equal to ^C, and similarly on JC take .^ff equal to AB. Join ED, 
DO, and prove that the triangles CED, CEB are equal in all respects. 

7. The base MN of an isosceles triangle OMN is produced both 
■ways to P and Q, so that MP is equal to NQ. Prove that POQ is an 
isosceles triangle. 

5. The lines joining the middle points of the eqnal sides of an 
isosceles triangle to the opposite angles will be equal to one another. 

9. PQE is an equilateral triangle ; in PQ take PM equal to one- 
fourth PQ and in QR take QN equal to one-fourth QR ; shew that 
PN ia equal to MR. 

10. If in the three sides PQ, QR, EP of an equilateral triangle, 
distances PM, QN, RO be taken, each equal to one-third of a side, shew 
that MNO ia equilateral. 

11. XYZ ia an isosceles triangle having Xl'eqnal to XZ ; in YZ 
take any point P, and from ZY cut off ZQ equal to YP; shew that XP 
is equal to XQ, 

12. BAO ia an equilateral triangle on the aame base as the triangle 
BDC, which is isosceles, the point A being within the triangle BDC. 
Shew that if AD be joined, the triangles ABD, ACD are identically 



Li 
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PROPOSITION VI. THEOREM. 

If two angles of a triangle he equal to one another, the sides 
also which svbtend, or are opposite to, the equal angles, shall he equal 
to one another. 

Let PMN be a A having the /. PMN equal to the Z PNM, 
Then the side PM shall = the side PN. 




For if Pif be not = PiV, 

one of them must be greater than the other. 

Let PM be the greater, and from it cut oflf Qif equal to 

PN, the less, I. ill. 

and join QN. Post. 1. 

Then in the As QMN, PNM, 

V QM^ PN, Constr. 

and MN is common to both; 

the 2 sides QM, MN= the 2 sides PN, NM, each to each, 

and the Z QMN=^ the Z PNM\ Hyp. 

.'. the base Qi\r= the base PM, 

and the A QifiV^= the A PNM, L iv. 

the less to the greater, which is absurd. Ax. 9. 

.'. PM is not unequal to PN, 

that is, PM = PN. 

Wherefore if two angles Sc. q. e. d. 



Corollary. Hence every equiangular triangle is also equi- 
lateral. 



laECTION I.] 



PROPOSITION VI. 



EEFEEENCES, 
Post. 1. Let it be granted that a straight line ma; be drawn from any one paint 



I to anj other point. 



Ai. 9. The whole is greater tlmn its part. 

From the greater of two given straieht linoB (i 



thele 



t off a part equal to 



I. IV. If tvo triangles have two sides of tlie one eqnsJ to two sides of the other, 
each to each, and have also the angles contained b; those eides equal to ana 
another, the; shall also liava their bases equal; and the two triangles shall be equal, 
and their other angles shall bo equal, eaah to each, namely those to which the equal 
aides are opposite. 



EXERCISES. 

1. OATE ia a four-aided figure of which the aide OA ia equal to 
OB, and the angles OAT, OBT are right angles ; prove that TA ia equal 
UiTB. 

2. ABCD ia a quadrilateral having the side AB equal to AD, and 
the angle ABC to the angle ADC ; shew that CB ia equal to CD. 

3. In PQ, the base of an isosceles triangle OPQ, there is taken a 
|K)iat M, and the line MN, which nieeta OQ in TT, ia auch that the angle 
NMQ is equal to the angle OPQ. Shew that NM is equal to NQ. 

4. In the figure of Prop, v, if FC and BG meet at U, shew that 
FE and GH are equuL 

5. In the same figure, if FK be drawn at right angles to FC and 
equal to it, and GL be drawn at right angles to BG and equal to it, and 
if B^^and CL, or theae lines produced, meet at 0; shew that OB ia 
equal to OC, and that OKL is also an iijoacelea triangle. 

6. BCGHF ia a pentagon having the angle FBC equal to the angle 
£CG, and the sides BF, FH equal to the aidea CG, GH, each to each ; 
diew that, if BG and CF intersect in 0, the trianglea QBC, EBC are 
isosceles; also prove that if FB, GG be produced to meet at A, then 
I the triangle ABC ia iaoacelea. 

7. PQR is a triangle having the angle PQR equal to the angle 
PRQ ; in QR take any point M and from RQ cut off BN equal to QM. 
Prove that the angle PMQ is equal to the angle PNR. 

8. Prove by "reditciio ad abmtrdwm" that, if two sides of a 
triangle be unequal, the angles which they subtend shall also be unequal ; 
and, if two angles of a triangle be unequal, the sides which subtend the 
unequal angles aiiall alao be unequal. 



i 
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PROPOSITION VII. THEOREM. 

(Lemma to Prop. VIII.) 

On the same base, and on the same side of it, there cannot be 
two triangles having their sides which are terminated at one extremity 
of the base equal to one anotJier, and likewise those which are termi- 
nated at the other extremity equal to one another. 

If it be possible, on the same base CD, and on the same side 
of it, let there be two As GBD, CED, having their sides BC, 
EC, which are terminated at the extremity C of the base, equal to 
one another, and likewise their sides BD, ED, which are terminated 
at B, equal to one another. 

Join BE. Post. 1. 

Fii-st, let the vertex of each A be without the other A. 




••• CB = CE, Hyp. 

the Z GBE = the Z CEB. I. v. 

But the Z CBE is greater than the Z DBE ; Ax. 9. 

.-. also the Z CEB is greater than the Z DBE; 
much more then is the Z DEB greater than the Z DBE. 

Again, •.' DB = DE, Hyp. 

the Z DEB = the Z DBE. I. v. 

But it has been shewn to be greater; which is impossible. 

Next, let the vertex Eoioue A be within the other A CBD, 

and produce CB, CE to F, G. Post 2. 




•.• CB = CE, in the A CBE, Hyp. 

the Z s FBE, GEB, on the other side of the base, are 
equal to one another. I. V. 
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But the Z fSS ia greater than the ^DBE; 
.: also the -^ GEB ia greater than the ^ DBE; 
I much more then is the ^ DEB greater than the Z DBE. 
Again, ■.- DB^DE, 
the z DEB = the z i)5£^. 
I But it has been shewn to be greater; which is impossible. 
|The case in which the vertex of one A is on a side of the 
K ether, needs do demonstratioQ. 



Wherefore on the name base Ac. 



Hyp. 
I. V. 



g. E. D. 



BEFEBENCES. 

Poet. 1. Let it be granted that a straight line maj' be drawn from any one point 
to an; other point. 

Post. 2. Let it be granted that a terminated straight line ma; be produced to 
any lengtb in a straight line. 

Ax. 9. The whole is greater Clian its part. 

I. V. The angles at the base of an isosceles triangle are equal to one another ; 
and if the eqaal Bides be produced the angles on the other side of the base shall be 
equal to one another. 



^l. Draw the fi 
bion is needed. 
<> "BVvim (lin V. 



EXERCISES. 
Draw the figure for the third caae and explaj 



whyn 



From the vertex of the angle POR, OS is dniwn such that the 
angle FOS is equal to the angle SOfi, and OQ is any line drawn from 
between OS and OH ; prove that the angle POQ is greater than the 
angle QOE. 

ABCD is a quadrilateral, and the diagonals AC, BD intersect 
it £^ ; if the angle CBA is equal to the angle CAB, prove that the angle 
~ ■ ~ is greater than the angle DBA. 

On the aarae base, and on the same side of it, there cannot be 
losceles triangles whose equal sides are each equal to a given 
straight line and whose vertices do not coincide with one another. 

On the same straight line, and on the same side of it, there 
I cannot be two equilateral triangles not coinciding with one another. 
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PROPOSITION VIII. THEOREM. 

If two triangles have two sides of the one equal to two sides of 
the other, each to each, and have likewise their bases equal, the angle 
which is contained by the two sides of the on6 shall be equal to the 
angle which is contained by the two sides, equal to them, of Hie 
other. 

Let NOP, QR8 be two As, having the two sides NO, 
NP equal to the two sides QR, Q8, each to each, namely, NO to 
QR, and NP to QS, and alao the ba.se OP equal to the base RS. 

Then the Z ONP shall = the Z RQS. 




For, if the A NOP be applied to the AQRS, 

so that the point may be on R, and the at. line OP on RS ; 

the point P will coincide with the point S, 

■.■OP = ES; 

.-. OP coinciding with RS, 

ON and NP will coincide with RQ and QS. 

For, if the base OP coincides with the base RS, 

and the sides OiV,.yP do not coincide with the sides RQ, QS, 

but have a different situation as RT, TS; 
then, on the same base and on the same side of it there will 
be two As having their sides which are terminated at one 
extremity of the base equal to one another, and likewise 
their sides which are terminated at the other extremity. 
But this is impossible. 
.'. the base OP coinciding with the base RS, 
the sides ON, NP must coincide with the sides RQ, QS. 
.: also the Z ONP coincides with the Z RQS, and = it. / 
Wherefore if two triangles &c. Q. e. d. 



since thn triangles coiaoide, thej ofs eeen to ba equal in all reapects, but Euclid 
does not state this for, it being now proved that the trianglea liave two aides and the 
included angles equal, it follows that tlieic areas and theii remaining angles are 
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EEFERENXES. 

Ax. 8. SdognitadeB which coincide with one another, thnt ie, which tiBctly fiU 
^ the same eipaee, are eqnrtl to one another. 

Od the name base, and on the name side of it, there cannot be two 
triangles having their sides which are terminated at one extremity of the base equal 
to one another, and likewise those nlilch are terminated at the ot^er extremity eqoal 
to one another. 

EXERCISES. 

The opposite angles of a rlionibus are equal, and ita diagonals 
Beet the angles through which they pasa 

A rhombiiB is bisected by its diagonal. 
In a circle equal chords subtend equal angles at the centre. 
At 32A minutes after 3 o'clock the distance between the points 
r the hands of a watch is the same as it was at 3. Shew that the 
are at right angles. 
ABC is an isoaceles triangle, having AB equal to AC. In Ali 
take any poiot D, and from AC cut oiF A^ equal to AD, and join ££, 
Kipi), cutting each other at F. Shew that DEF is an isosceles triangle, 
ind that AF biseetfl the angle BAC. 

ABCD is a quadrilateral, having AB equal to CD, and AD to 
BG ; shew that the opposite angles are equal. 

7. Two equal straight lines AR and CD are joined towards opposite 
parte by the equal straight lines AD, CB, intersecting in ; prove that 
the triangles OAC, OBD are isosceles. 

If two isosceles triangles be on the same base, the straight line 
I joining their vertices, or that straight line produced, will bisect the base 
I at right angles, and also bisect the vertical angles. 

If two circuinferences of circles cut each other, the line joining 
f^ihe points of intersection will be bisected at right angles by the line 
■joining the centres. 

" 1. From every point of a given straight line, the straight lines 
1 to each of two given points on opposite sides of the line are 
iqual; prove that the Ime joining the given points wiO be bisected at 
ight angles by the given line. 

The diagonals of a square bisect each other at right angles, and 
ftvide the square into four equal triangles. 

lis of a rhombus bisect each other at right angles, 
and divide the rhombus into four equal triangles. 

13, If J£,^C be the equal sides of an isosceles triangle, and if their 
middle points be the centres of two equal circles intersecting in D, prove 
that AD bisects the angle BAC. 

14. The triangles ABC, DEF have AB equal to DE, the angle 
ABC equal to the angle DEF, and also their areaa equal; prove by 
Huperposition that they are equal in all resj^ots. 



k. 
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PROPOSITION IX. PROBLEM. 



To bisect a given rectilineal angle, that is, to divide it into two 
equal angles. 

Let DEF be the given rectilineal Z . 
It is required to bisect it. 




Take any point Q in ED, 
and from EF cut off EH equal to EG\ 

join 0H\ 
on OH, on the side remote from E, describe the equi- 
lateral A GHX, 

and join EX. 
The St. line EX shall bisect the Z DEF. 

vEO^EH, 
and -EX is common to the two As OEX, HEX, 
the 2 sides GE, EX = the 2 sides HE, EX, each to each, 

and the base OX = the base HX\ Def. 24. 

.'. the Z GEX = the Z HEX. I. viii. 

Wherefore the given rectilineal Z DEF is bisected by 
the st line EX. q. e. f. 



I. III. 
Post. 1. 

Li. 
Post. 1. 

Gonstr. 



If the triangle GHX were desoribed on the same side of GH as ^ is, and not on 
the side remote from it, as in the above construction, the point X might coincide 
with E, and then the bisector EX could not be drawn. 



PllOl'OSITION IX. 



REFERENCES. 



Def. 24. Ad equilateral triangle is one that has three equal aides. 
FoBt. 1. Let it be grafted that a straight line ma; be drawn fcom an; one 
^ point to an; other point. 

L I. To describe an equilateral triangle on a given Unite straight Una. 

I, III. Prom the greater of tvo given straight lioes to cut off a part equal to 

L Tm. If two triangles have two aides of the one equal to two sides of the 
other, each to enah, and have likewise their bases equal, the angle which is 
contained by tbe two eidee of the one shall be equal to the angle which is contained 
b; the two sides, equal to them, of the other. 



EXERCISEa 

1. la tlie ligure, bLbw that the aJigle ff..Ti/ andthe straight line 
T are also bisected by HX. 

2. Divide at) angle of an equilateral triangle into four equal 
parts. 

, 3. Divide a. given angle into two angles such that one of them may 

I be seven times the other. 

4. Divide a given obtuse angle into two parts such tliat one part 
may be fifteen times the other. 

5. Divide a given angle into two angles such that a third of one 
of them may be equal to a fiftli of the other. 

6. Shew that the angle between the bisecfcora of two adjacent 
oomplementary angles is half a right angla 

7. The angle BAC is bisected by A£, and AD is a straight line 
drawn outside the angle BAC ; shew that the angle BAD is equal to half 
the sum of the angles BAD, CAD ; and that the angle EAC is equal to 
half the difference of the same angles. 

8. Find two anglea whose sum is a right angle, and whose difference 
is half the angle of an equUateml tnangle. 

9. Let AB, j4(7 be equal sides of the triangle j15C ; bisect the angles 
ABC, BCA by the straight lines BD, CD, meeting at D, and prove that 

I BDC is an isosceles triangle. 

10. BAC ia a triangle having the angle B double of the angle A. 
Bisect the angle B by BD meeting AC at D, and shew that BD is equal 
to^i>. 

11. Prove by bisecting an angle of an equilateral triangle that if 
one of the acute angles of a right-angled triangle be double of the other, 
the hypotenuse is double of the side subtending the least angle. 

12. Construct an isosceles triangle whose vertical angle is half the 
angle of an equilateral triangle, and each of whose equal sides is equal 
to a given straight line. 
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PROPOSITION X. PROBLEM. 

To bisect a given finite straight line, that is, to divide it into equal 
parts. 

Let OH he the given finite st; line. 
It is required to bisect QH, 




On OH describe the equilateral A OHF, 
and bisect the Z OFHhy the st. line FX, meeting OH 
at X. 

Then OH shall be bisected in the point X. 

V OF^HF, 
and FX\& common to the two As OFX, HFX, 
the 2 sides OF, FX^ the 2 sides HF, FX, each to each, 

and the Z OFX== the /.HFX; 

:, the base OX = the base HX. 

Wherefore the given st. line OH is bisected in the point X. 



I. L 



L IX. 



Def. 24. 



Constr, 

I. IV. 
Q. E. F. 



The figures of PropoEdtions IX., X., XI., XII. are examples of what are called 
symmetrical constructions. 

A figure is said to be symmetrical with regard to a linei called the axis of 
symmetry f when any straight line drawn at right angles to the line and terminated 
by the boundary of the figure is bisected by the line. The axes of synmietry in the 
figures mentioned are the lines EX^ FXy GX, and PX, 

Two points are symmetrical with regard to a straight line, when this line bisects 
at right angles the Ime joining the points. 
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Def, 24. An eqailateral triangle is ono that has three equal sidee. 

I. I. To describe an equilateral triangle on a given finite straight line. 

I. TV. If two triangles have two sides of the one equal to two sides of the other, 
eaoh to each, and have also the angles oontained by those sides equal to one 
another, the; shall also have their bases equal; and the two triangles shall be equal, 
and their other angles shall be equal, each to each, uamel; those to which the equal 
aides are opposite. 

I. n. To bisect a given rectilineal angle. 



EXERCISES. 

1. ASC IB a given etraight line, AB being greater than BC ; divide 
AB in D, BO that the difference between AD and Z>B may be eqoal 
to^G. 

2. Divide a given straight line into eight equal parts. 

3. Divide a given straight line into two parts such that one part 
may be three times the other. 

4. Divide a given straight line into two parts, such that three 
times one part may be equal to five times the other. 

5. Find two straight lines equal respectively to half the sum and 
half the difference of two given straight lines. 

6. Find two lines whose sum and difference are given. 

T. Produce a given straight line to such a point that twice the 
whole line thuB produced may be equal to five times the given Une. 

8, If, with the extremities of a given straight lino AB as centres 
and any line greater than the half of AB as radius, two circles be 
described intersecting in X and Y, shew that XT will bisect AB at 
right angles. 

e double 



10. Describe an isosceles triangle, having given the perimeter and 
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PROPOSITION XL PROBLEM. 

To draw a straight line at right angles to a given straight line, 
from a given point in the same. 

Let FH be the given st. line, and the given point in it. 
It is required to draw from the point a st. line at rt. Z s to FH. 




I. IIL 

Li. 

Post. 1. 



Constr. 



Def. 24. 
I. vin. 



Take any point P in OF, and make GQ, equal to GF. 
On FQ describe the equilateral APQX, 

and join OX. 
Then GX drawn from the point G shall be at rt. Z s to FH. 

'.'FG^qO, 

and OX is common to the two As FGX, QOX, 

the 2 sides FG, 0X=^ the 2 sides QO, GZ,each to each, 

and the base PX= the base QX\ 

.-.the zP(?Z=the zQffZ; 

and they are adjacent /. s. 

But when a st. line, standing on another st. line, makes 

the adjacent Zs equal to one another, each of the Zs 

is called a rt. Z . 

.-. each of the Z s FGX, QGX is a rt. Z. 
Wherefore from the given point G in the given st. line FHy 
GX has been drawn at rt.Zs to FH. q. k f. 

Corollary. By the help of this problem it may be shewn that 
two St. lines cannot have a common segment. 

If it be possible, let the two st. lines CDEy CDF have the 
segment CD common to both of them. 

B 



Def 10. 



C D E 

From the point D draw DB at rt. Z s to CD. 



I. XI. 
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Hyp. 
Def. 10. 

Hyp. 

Def. 10. 

Ax. 1. 



Then, V CI>^i8ast.line, 
.-. the ^BDE= the ^ GDB. 

Again, ■.■ CDF is a at. line, 
.-. the z BDF also = the Z CDB. 
:. the Z BDF =thii z BDE, 
the less to the greater ; which is impossible. 
Wherefore tvio straight lines cannot have a common 



BEFEEENCES. 

Def. 10. Wlu^n b straight lina atajidins on another straight line makes the 
adjacent angleB equal to one another, each of the angles is called a right angle. 

Def. 24. An equilateral triangle is one tlist has three equal sides. 

Post. 1. Let it be granted that a etiaii^t line may bo drawn from au; one 
point to onj other point. 

Ai. 1. Things -wMoh are equal to the some thing are equal to one another. 

Ai. 9. The whole is greater than ita part. 

I. 1. To desDribe an equilateral triangle on a given Unite straight line. 

I. III. From the greater of two given straight lines to cut ofF a part equal to 
the leas. 

I. vm. If two trinnglea have two sides of the one eqnal to two sides of the other, 
each to each, and have liluwise tjieir bases equal, the angle which is contained by 
the (wo aides of the one shall be equal to the angle contained b; the two aides, 
eqiuj to (hem, of the other. 

EXERCISES, 

1. Shew that this proposition is a particular case of Prop. ix. 

2. Draw a straight line at right angles to a given straight line 
from one extremity of the line. 

3. From the same point in a given straight line there can be drawn 
in a plane on one side of the line, only one sti-aight line at right angles 
to the given line. 

4. At a given point J in a given straight line AB make an angle 
£AG equal to half a right angle. 

5. At a given point in the straight line OP make an angle POQ 
eqnal to three-fourths of a right angle. 

6. If from the middle point iJ of a straight line £0, DA be drawn 
at right angles to BC, and /" be a point such that PB is unequal to PC, 
prove that P cannot be in DA. 

7. Find a point in a straight line such that its diatancea from two 
given points may be equal. Draw figures for all the different cases. 

8. Describe a circle which shall pass through two given points, and 
have ita centre in a given straight line. 

9. Find a point equidistant from the angular points of an equi- 
lateral triangle. 

10. Having given the diagonals, describe a rhombus. 

11. Describe a right-angled triangle, having given one of the sides 
containing the right angle, and also the perpendicular from the right ' 
angle on the hypotenuse. 
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PROPOSITION XII PROBLEM. 

To draw a straight line perpendicular to a given straight line of 
Tinlimited length, from a given point without it. 

Let HK be the given st. line which may be produced to a 
length both ways, and let Pbe the given point without it. 

It is required to draw from the point P a st. line Jj" to HK. 




On the other side of HK take any point 0, and from the 
centre P at the distance PO describe the circle QOB, 
meeting HK at Q and R. 

Bisect QR at X. 
and join PX. 
Then PX drawn from the point P shall be Xr to HK. 
Join PQ, PR. 
:■ QX=RX, 
and XP\^ common to the two As QXP, RXP, 
the 2 sides ^A', XP= the 2 sides RX, XP, ea^h to each, 
and the base PQ = the base PR; 
.: the Z QXP = the ^ RXP; 
and they are adjacent Z s. 
But when a st. line, standing on another st. line, makes 
the adjacent Z s equal to one another, each of the Z a ia 
called a rt. Z , and the at. line which stands on the other 
is called a Jj to it. 

Wherefore a l.r PX has been drawn to tlie given st. line 
HKfrom the given point P without it. 



Def.X 



The Btraight line is described as of nnlimited length to admit of it 
proiluoed long enough to meet the circle. 

ThepointXisoalledtlie/oot of the perpendicular P.Y. 
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BEFEBENCE8. 

Def. 15. A aiicle is a plane Sgnxe contained by one line, which is callecl the 
cironmference, and is euch, that atl straight Uoes dntwn from a certain point mthan 
the figore to the circumference are equal to one another. 

Poat. 1. Let it be granted that a straight line maj be drawn from any one pomt 
to BJiy other poiot. 

Poat. 3. Let it be granted that a circle may be described from an; centre, atanj 
distance from that centre. 

I. Tin. It two triangles have two sideH of the one eqnal to two sides of the other, 
eaah to etich, and have hkewiae their bases equal, the anyle which is contained by 
the two ^es of the one shall be equal to the angle contained by the two sides, eqn^ 
to them, of the other. 

L z. To bisect a given finite straight line. ' 



EXERCISES. 

1. From the angular points of a triangle perpendiculars are drawn to 
the oppoaite sides, and produced so that the parts produced are equal to 
the perpendiculars. The extremities of these produced lines are joined 
to the angular points of the ti-iangle. Prove that three triangles are 
thus formed equal in all i-especta to the original triangle. 

2. Shew that a circle caimot cut a. straight line in more thaa 
two points. ' 

3. If two straight lines bisect each other at right angles, any point 
in either of them is equidistant from the extremities of the other. 

4. A ia any point without the straightline BC. Draw AB perpen- 
dicular to BC, and produce it to J), making BD equal to AB. If C* be 
liny point in BC, prove that ACS ia an isoacclea triangle and that C3 
bisects the angle ACD. 

5. Through two given points on opposite sides of a gifen straight 
line draw two straight lines which shall meet in that given straight line 
and include an angle bisected by that given sti-aight line. 



6. The straight line diawn 
to the middle point of the base 
ihe vertical angle. 



:rom the vertex of an isosceles triangle 
i perpendicular to the base, and biaectfi 



7. On a given straight line ad base describe an isosceles triangle 
having the perpendicular from the vertex on the base equal to a given 
straight line. 

8. If there he two triangles satisfying the conditiooa of Prop, vil 
except that they are on opposite sides of the base, shew that the line 
joining their vertices is perpendicular to the bane. 
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PROPOSITION XIII. THEOREM. 

The angles which one straight tins maJces with another straight line 
on one side of it, either are two right angles, or are together equal to 
two right angles. 

Let the st. line EF make with the st. line GH, on one side of 
it, the Z s EFG, EFH. 
These are either two rt. Z s, or together = two rt. Z s. 
For, if the Z EFO = the Z EFH, 

each of them is a rt. Z . Def. 10. 



H 



But, if the Z EFG be not = the Z EFH, 

from F draw FK at rt. Z s to GH. 



I. XL 




Then the Z s GFK, KFH are two rt. Z s. 

Now •.• the Z HFK = the two Z s HFE, EFK, 

to each of these equals add the Z KFG ; 

.-. the jL^HFK, KFG = the 3 ZsHFE, EFK, KFG. 

Again, •.• the Z GFE = the 2 Z s GFK, KFE, 

to each of these equals add the Z EFH ; 

.-. the Z8 GFE, EFH^ the 3 /.sGFK, KFE, EFH. 

But the Z s HFK, KFG have been proved = the same 3 Z s; 

.-. the Zs GFE, EFH = the Z.^ HFK, KFG. 
But HFK, KFG are 2 rt. Z s ; 

.-. GFE, EFH together = 2 rt. Z s. 



Def. 10. 



Ax. 2. 



Ax. 2. 



Ax. 1. 



Ax. 1 



Wherefore the angles &c. 



Q. E. D. 
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REFERENCES. 

Def, 10. Whpn a straight line Htandinp; on another Btraight line luateH the 
ftdjaoeat BDglea equal to one another, each of the angles ie called a ri)«ht angle. 

Ax. 1. Things which are equal to the same thing are equal to one aoothcr, 

Ai. a. If equals be added to equals, the wholes are equal. 

I. M. To draw a straight line at right angles to a given straight line, from a 
(^veu point in the same. 



EXERCISES. 

1. Shew tliat the angle EFK in the figure is half the difference of 
the angles EFG, EFH. 

2. ia a point in (Jie straight line POQ. Shew that all the 
BucxieBBive angles, POA, AOB, Ac. made by any number of straight lines 
drawn from on the same side of PQ are together equal to two right 
angles. 

3. On BC ft side of the triangle ABC ia deacribed a square BCDE, 
and ABE is a straight line. Shew that the triangle is right-angle.d. 

4. If two exterior angles of a triangle, made by producing one 
aide both ways, lie equal to one another, the triangle is isoaeeleB. 

5. If the two sides AB, AC of the triangle ABC be produced to 
D and E, and the exterior angles DBC, ECB be equal to each other, 
the triangle is isosceles. 

6. When two unequal angles are supplementary, the greater must 
be obtuse and the less acute. Hence, of the angles, which the 
bisector of the vertical angle of any triangle makes with the base, the 
acute angle is subtended by the less side. 

7. The greater of two supplementary angles is five times the leas; 
what fraction of a right angle is the less 1 

8. The two straight lines which bisect an exterior angle of a 
triangle and its adjacent interior angle are at right angles to each other. 

9. Let the side BC of the triangle ABC he produced both ways to 
J} and E; shew that the difference of the angles ABC, BCA is equal to 
the difference of the angles ACE, ABD. 

10. From the point in the straight line MON, the two straight 
lines OP, OQ are drawn on the same «ide of MJV ; if the angle POIf be 
equal to the angle QOM, and the angle POQ he bisected by OB, shew 
that OB will be at right angles to MX. 

11. Two squares ABCD, EFGH are placed with the points B and 
E coincident, and the sides AB, EF in the same straight line : also the 
aquaiyfa are on the same side of AF; shew that BC must fall on EH. 

12. From the middle point of the straight line GOE a straight 
line OC is drawn equal to 00 or OE ; the straight lines CG, CE are 
bisected at F and D, and OF, OD are joined. Prove that FOD ia a 
right angle. 



El'CLIDS ELEMENTS. 



[book I. 



PROPOSITION XIV. THEOREM. 

If, at a point in a straight line, two other straight lines, ow 
the opposite sides of it, make the adjacent angles together equal to 
two right angles, these two straight lines shall be in one and tJie saine 
straight line. 

At the poiDt E in the st. line CE, let the two st. lines ED, EF, 
on the opposite sides of CE, make the adjacent Z s CED, GEF 
together = 2 rt. Z a. 

EF shall be in the same st. line with DE. 



For, if EF he not in the same st. line witii DE, 
if possible, let EO be in the sarae st. Hue with it. 
Then, ■.■ Ci7 makes with the st, line i)£G, on one side of it, 
the /. s OED, GEO, 

these /. s together = two rt. ^ a. 
But the z s CED, CEF together = two rt As; 

.: the Z 8 CED, CEG = the z a CED, GEF. 

From each of these equals take away the common Z CED ; 

.■. the remaining £ CEG = the remaining Z CEF, 

the less to the greater ; which is impossible, 

.'. EG is not in the same st, line with DE. 

And in the same manner it may be shewn that no other can 

be in the same at. line with it but EF; 

:. EF is in the same at line with DE. 
Wherefore if at a, point t&c. q. e, D, 'j 



prove thai a straight lim: PQ paiiea through a paint O. 
n OF, OQ; and shew that OP. tigare iu tlie same atmi 



lECTION [.] 



PROl'OSLTION XIV. 



I 

I 



REFEKENCEB. 

Ax. I. TbiDgs whicli ore equal to the same tiiiug are equal to one another. 

Ai. ii. If equala be tdkeu from equals the remaiindera are equal. 

Ai, 9. The whole ib greater then its part. 

Ai. 11. All right angles are equal to oue auotber, 

I. Kill. The angles which oue straight line makes with anotbei straight liufl 
on one aide of it, either are two right angles, oi are toge^er equal to two right 
ftugles. 

EXERCISES. 

1. Three angles POQ. QOR, SOS ave each equal to two-tliirda of a 
right angle. Shew that POS is a straight line. 

3. PJiT is a. ti-iangle in which PRT is a right angle, and on RT is 
described a square MTSQ ; prove that PE, EQ are in the same straight 
line. 

3. Two triangles have two sides of the one equal to two sides of 
the other, each to each ; and the angles contained by the equal sides 
are together equal to two right angles. The triangles are so placed that 
a side of one coincides with the side equal to it of the other. Prove 
that the remaining equal sides are in the same straight line. 

The right angle POQ is divided into two parts by the straight 
line ON. The angle POR is equal to the angle PON, and the angle 
QOS to the angle QON. Shew that ROS is a straight line. 

AOB is a right angle, and C any point j draw CD, CF perpen- 
diculars to OA, OB, and pi-oduce them to B and G, making DE equal 
to CD, and FG equal to FC ; shew that the straight line GE passes 
.through 0. 

ABC is a triangle having the angle ABC greater than the angle 
CAB, and AB is produced to Z». The angle CAE, on the side of CA 
opposite to AB, exceeds the angle CBD by as much as the angle ABC 



1 CAB; shew that AE i 



1 the same straight line 



exceeds the a 
with AB. 

7. FQR is a straight line, and from the point Q on opposite sides 
of PX are drawn two straight lines QS, QT such that the angles SQR, 
PQT are equal to each other. Prove that QT ia in the same straight 
line with QS. 

8. On AC, CB, the sides containing the right angle C in the 
triangle ABC, are described two isosceles triangles ACD, CBE, having 
the angles at the bases each half a right angle ; DCE is a straight line. 

9. The angle BA C of the triangle ABC is a right angle. On AB, 
AC are described externally the squares ABDB, AGFG. Prove that 
the straight line DF passes thi-ough A. 

10. If two squares KLMN, OPQR be placed bo that L coincides 
'■with 0, and LM falls on OR, then KB must either fall on OP or be iu 

and tlie same stiitight line with it. 
A. E. 
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PROPOSITION XV. THEOREM. 

If two straight lines cut one another, the vertical, opposite angles 
shall he equal. 

Let the two st. lines HL, MN cut one another at the point K. 
Then shall the zHKM= the ZLKN, and the /:MKL = the 
ZHKK 




•.' the St. line MK makes with the st. line HKL the Z s 

HKM, MKL, 

these Z. s together = two rt. Z s. I. xiii. 

Again, *.* the st. line LK makes with the st. line MKN 

the Z s MKL, LKN, 

these /. s together also = two rt. Z s. I. xiii. 

But it has been shewn that the Z s HKM, MKL together 
= two rt. Z s; 

:. the /i^HKM, MKL ^ the /i^ MKL, LKN. Hf ^\' 

{ Ax, 1. 

From each of these equals take away the common Z MKL, 

,\ the remaining Z HKM= the remaining Z LKN, Ax, 3. 

In the same manner it may be shewn that 

the Z JlfiTi = the Z ^'^iV'. 
Wherefore if two straight lines, ike, Q. E. D. 



Corollary 1. From this it is manifest that, if two st. lines cut 
one another, the Z s which they make at the point where they cut, 
together = four rt. Z s. 

Corollary 2. And consequently, that all the Z s made by any 
number of st. lines meeting iat one point, together = four rt. Z s. 



PROPOSITION XV. 



EEFEKENCES. 



Ax. 1. Things which ara equal to the sa,ine tliini; are eqnal lo one another. 
Ax. 3. If eqaala be taken from eqQala tlie remaindeis are equal. 
Ax. 11. All r%ht BDgles are equal to one another. 

I. xin. The angles which one straight line makes with another stmiglit line on 
ne side ot it, either are two right angles, or are together equal to two right angleB. 



EXERCISES. 



1. Prove the converee of this proposition : 

If four straight lines meet at a point ao that the npjiOHite angles are 
equal, these straight lines are two and two in the same straight line. 

2. Let two straight lines AB, CD cut one another at .ff. Bisect 
the angle AEC by EF, and the angle BED by £G. Shew that £F, EG 
are in the same straight line. 

3. The four bisectors of the angles which one straight line makes 
with another straight line intersecting it form two straight lines at 
right angles to one another. 

The opposite sides of the quadrilateral formed by join 
\ extremities of two diameters of a circle are equal. 

If the diagonals AC, DB of a quadrilateral ABCD bisect o 
I another, the op|iosite sides of the quadrilateral are equal. 

Prove that the ends of the beam of a balance will i 
I positions equidistant from their original positions, when unequal weights 
I are placed in the scales. 

7. Two trains passed a viaduct, one over it and the other under it, 
9 a.m. Supposing that the lines are straight and that uniform speeds 
I were maintained, shew that the trains were at the same distance from 
[ each other at 9. 10 as they were at 8. 50. 

If two straight lines intersect at a point, and one of the vertical 
I KDglea is a right angle, the other three aro right angles. 

, is the middle point of NP, a side of the triangle MNP, and 
I 210 is produced to Q so that OQ is equal to MO j prove that NQ is 
I equal to MP. 



r.B. Thig construction is often ii 
I fttiddle points o/tlie aides o/ a triangle 



From two given points on the same side of a given line draw 
[.two lines which shall meet in that line and make equal angles with it 



11. If a straight line which bisects the 
■ alio bisects the base, the ti-iangle is isosceles. 




■e/id in riders, especialli/ wJten the 
ire introduced. 



srtical angli 
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PROPOSITION XVI. THEOREM. 

If one aide of a triangle he produced, the exterior angle shall be 
greater than either of the interior opposite angles. 

Let KLM be a A, and let one side LM be produced to N. 

The extr. Z KMN shall be greater than either of the intr. oppo- 
site Z s MKL, KLM. 




Bisect KM at 0; I. x. 

( Post. 1. 

join LOy and produce it to P, making OP equal to LO, I Post. 2. 

[ I. III. 

and join PM. Post. 1. 

V KO = OM, and OL = OP, Constr. 

the 2 sides KO, OL = the 2 sides MO, OP, each to each, 

and the Z KOL = the Z MOP, 

•.• they are opposite vertical Z s; I. XV. 

.-. the A KOL = the A MOP, I. iv. 

and the remaining Z s = the remaining Z s, each to each, 

to which the equal sides are opposite ; 

/. the Z OKL = the Z OMP. 

But the Z OJlfiV is greater than the Z OJlfP, ila?. 9. 

.*. KMN is greater than the Z ilfS'i. 

In the same manner, if LM be bisected, and the side 
KM be produced to Q, it may be shewn that 

the Z LMQ, that is the Z KMN, is greater than the Z ZZibf. I. xv. 

Wherefore if one side &c, Q. e. d. 



I SECTION I.] 



PKOPOSITION XVI. 



BEFERENCES. 

Poat. 1. Let it be granted thsit a, etrsiight tine may be ilrawn from bdj' one point 
I to any otber point. 

Post. 2. Let it be granted that a terminated straight line ma,; be produced to 
I »ny length in a. straight line. 

Ax. 9. The whole is greater than ils part. 

I. in. From the greater of two given straight lines to cut off a part equal to the 

I IV. If two trianglea have two Bides of the one eilvml to two sidea of the other, 
eaoh to each, and have alao the angles contained b; those sides cq^aalto one another, 
the; shall also have their bases equal; and the two triangles shall be equal, and 
their other angles shall be equal, each to each, namely those to which the equal sides 
ore opposite. 

I. X. To bisect a given finite straight line. 

I. XV. If two straight lines cut one another, the vertical, opposite angles shall 
be equal. 

EXEKCrSES. 

1. If tLe straight lines which bisect the angles of a triangle also 
bisect the opposite sides, the triangle is equilateral. 

2. Prove fully the second part of Prop. xvi. 

3. Is the exterior angle of a triangle necessarily greater than its 
interior adjacent angle! Illustrate your answer by figures. 

4. The base JiG of an isosceles triangle is produced to D, and AD 
IB joined ; prove that the angle ASJ) is greater than the angle ADB. 

6. ABC is a triangle having the angle BAC bisected by the straight 
line AD ; if CD be equal to CA, and any point P be taken in AD, 
prove that the angle CPA is greater than the angle BAD. 

6. Take any point D in BG, a side of the triangle ABC ; join AD, 
and shew that the angles ABG, ACB are together leas than two right 
angles. 

7. The angle GBD of the triangle BCD ia bisected by BE, which 
meeta CD at E; prove that the angle CEB ia greater than the angle 
CBE, and the angle BED greater than the angle DBE. 

8. The two exterior angles of a triangle, made by producing a side 
both ways, are together greater than two right angles. 

9. The two sides AB, AC of the triangle ABC are produced to D 
and E; shew that the exterior angles DBG, BGE are together greater 
than two right angles, 

10. In the figure to Prop, zvx, prove the following propertieSj in 
each case indicating the triangle and the side which is produced : 

(a) The angle KLO is less than each of the angles KOP, LOM ; 

{b) The angle LEM ia less than each of the angles KOPy LOM, 
KMNy LMQ ; 

(c) The angle OLM is less than eaoh of the angles EMN, LMQ, 
KOL, MOP. 

Also prove that the area and the sum of the interior angles of the 
triangle PLM are respectively equal to the area and the sum of the 
interior angles of the triangle ELM. 
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PROPOSITION XVII. THEOREM. 

Any two angles of a triangle are together less than two right 
angles. 

Let ABC he s. A. 
Any two of its Z s are together less than two rt. Z s. 




Produce BC to D. Post. 2. 

Then •/ ACD is the extr. Z of the A ABC, 
it is greater than the intr. opposite Z ABC. I. xvi. 

To each of these add the Z BCA. 
.'. the Z s ACD, ACB are greater than the Z s ABC, BCA. 

But the Zs A CD, ACB together = two rt. Z s; I. xiii. 

.*. the Z s ABC, BCA are together less than two rt. Z s. 

In the same manner it may be shewn that 
the Z s BCA, CAB are together less than two rt. Z s, 

as also the Zs CAB, ABC. 
Wherefore any two angles Jcc. Q. E. D. 



This proposition is afterwards included in the more general theorem, 
Prop. XXXII. 



PROPOSITION XVII. 



REFEBENCES. 



PobL 2. Let it be granted that e. tenmaated atiaiglit lice may be proiluoed to 
any length in a etraight line. 

I. un. The angles whioh one straight line makes with another straight line on 
one aide of it, either are two right angles, or are together equal to two right angles. 

I. m. If one side of a triangle be produced, the exteiior angle shall be greater 
than either of the interior opposite aogles. 



EXERCISES. 



angle. 



angles 



No triangle i 
No tiiangle 



1 have both ( 



right angle and an obtase angle, 
than one right angle or one obtuse 



Of the three aaglea 
The three angles o: 



of a triangle two must be acute, 
a triangle are together less than three i 



ight 



6. The three exterior angles of a triangle made by producing the 
sidee sucoeeaively in the same direction are together grenter than three 
right angles. 

6. If two angles of a triangle be unequal, the loss is acute. 

7. In a right-angled triangle, the right angle is the greatest angle. 
In an obtuse-ikngled triangle, the obtuse angle is the greatest 



angle. 

9. 

only o 



ii be drawn to a 



traight line 



From the same point there 
e perpendicular. 

10. The angles at the base of an isosceles triangle are acute. 

11. An equilateral triangle is an acute-angled triangle. 

12. The bisectors of any two angles of a triangle will meet 

13. In the figure. Prop, xvi., shew that LK, MP, if produced 
ever so £ir, cannot meet to fonu a triangle with KM. 

14. From the point in the straight line MOJf, the line OP is 
drawn making the angle MOP obtuse, and consequently NOP acute. 
From any point P in OP a perpendicular is drawn to MN". Prove that 
the foot of the pei-pendicular must be in OA'. 

15. The perpendicular from the vertex of a triangle on the base 
falls within the triangle, if the vertical angle be obtuse or be a right 
angle; or, if the triangle bo an acute-angled triangle. 

16. The perpendicular fi-om either of the acute angles of an obtuse- 
angled triangle on the opposite side falls without the triangle. 
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PROPOSITION XVIII. THEOREM. 

Tlie greater aide of every triangle has the greater angle opposite 
to it. 

Let LMN be a A, of which the side LN is greater than the 
side LM, 

The Z LMN is also greater than the Z LNM. 




•.• LN is greater than LM, B^yp* 

make LO equal to LM, and join MO, •! p * , 

Then *.• LOM is the extr. Z of the A MON, 

it is greater than the intr. opposite Z ONM. I. xvi. 

But the Z iOif = the Z LMO, I. v. 

•.• the side LO = the side LM. Constr, 
.'. the Z iMO is also greater than the Z LNM, 

Much more then is the Z iiUfAT greater than the Z LNM. Ax, 9. 

Wherefore ^Ae greater side Sc. Q. K D. 



SECTION I,] 



PROPOSITION XVI I r. 



REFERENCES, 
granted that a. straight line ms,j he drawn &om any one point 



Post. 1. Let it 
to any other point. 

Ax. 9. Tha whole ia greater than its part. 

I. m. From the greater of two given straight lines 



it off a part equal to tha 



V. The angles at tlie base of an isoaceles triangle are equal lo one another ; 
■nd if the equal sides be produced the angles on the other side of the base shall ha 
oqaal to one another. 

1. Kvr. If one side of a triangle be produced, the exterior angle shall be greater 

.n either of the interior opposite angles. 



EXERCISES. 

1. AH the angles of a acalene triangle are unequal. 

2. Tlie angle opposite to the less of two unequal sides of a triangle 
must be acate. 

Th« sidea AB, BC, CA of a triangle ABC are respectively 5, 10, 
7; arrange the angles in order of niagnitude. 

4. The base BC of an isoaceiea triaugle is 10, and the perimeter is 

1; which ia the greatest angleT 

6. A friend's house ia 4 miles due E. from a small town, which 

lies to the !N.W. from mj house. The distance between our two places 

is 3 miles, and my friend saya his liouse is due N. from mine. Shew 

that his judgment is incorrect. 

[The angle between N. and N.W., as also the angle between E. and 8.E., ia half a 
' ■ ^le.] 

If the bisector of an angle of a triangle divide the opposite side 
Ibto asequal segments, the sidea containing the angle shall be ua- 

OPQR is a quadrilateral figure of which OR is the longest side, 
md PQ the shortest side; shew that the angle OI'Q is greater than the 
ingle ORQ, and the angle PQR greater than the angle FOR. 

In any triangle the perpendicular from the opposite angle on a 
jfide which is not lesa than either of the remaining sides falls within the 
Hiriangle. 

ABCD is a quadrilateral of which the diagonal BD bisects the 
angle ABC; the sides AB, AD are equal, and the side BC is less than 
uither of them. Prove that the angle ABC is greater than the angle 
ADC. 

[Produce BC to E, maMng BE equal to B.J.] 

10. If the side AB be greater than the aide AC in the triangle ABC, 
and D be the middle point of BC; the angle DAG shall be greater than 

, the angle DAB. 

11. ABC is a triangle in which the side AB is greater than the 
le AC. D is the middle point of BC, and E the point in BC whore 
e bisector iif the angle A meets BC. Prove that E lies between D 
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PROPOSITION XIX. THEOREM. 

The greater angle of every triangle is svhtended by the greater 
side, or has the greater side opposite to it. 

Let MNO be a A , of which the Z MNO is greater than the Z MOK 
The side if is also greater than the side MN. 




For if not, MO must either = MN, or be less than JO". 

If MO were = MN, 
the Z MNO would = the Z MON; I. v. 

but it is not ; -Hyi>. 

.-. MO is not = MN. 
Again, if 3fO were less than MN, 
the Z MNO would be less than the Z MON; I. xviiL 

but it is not ; -Hyi?. 

.*. MO is not less than MN 
And it has been shewn that MO is not = MN. 
.*. MO is greater than MN 
Wherefore the greater angle &c. Q. E. D. 



SECTION I.] 



PROPOSITION XIX. 



REFERENCES. 

I. V. The anftlea at the base of an iHoaoeleB triangle are equal to one anotheri 
and if the equal sides be prodaced the angles on the other side of the base shall be 
equal to one another. 

;. xnu. The greater side of every triangle haa the greater angle oppositfl to it. 



I 



EXERCISES. 

1. D is any point in BC, the base of an isosceles triangle ABC; 
prove that AD ia less than cither of the equal aides. 

2. BC, a side of an equilateral ti-iangle ABC, ia produced to any 
point D. Join AD, and shew that AD is greater than BC. 

3. In the base OQ of a triangle NOQ, which has the side NO not 
greater than the side NQ, take any point D, and prove that ND ia Iras 
than NQ. 

i. li AB be greater than^C in the triangle J SC, and the bisectors 
of the angles B and C meet at D, BD shall be greater than CD. Also 
prove the converse theorem. 

5. If, on the same base, and on the same side of it, there be two 
triangles having their sidea which are terminated at one extremity of 
the base equal to one another, their sidea terminated at the other ex- 
tremity of the base shall be unequal. 

6. HDF is a triangle, and the angle H ia bisected by a straight lino 
■which meets DF at £; shew that MD is greater than DE and UF 
greater than EF. 

7. In the figure to Prop, xvi., if KL be the greatest side of the 
triangle KLM, LP shaU be the greatest side of the ti-iongle PLM. 

8. OPQR is a quadrilateral of which PR \s a. diagonal. If OP be 
equal to QR, and the angles OPR, QPE be respectively greater than the 
angles ORP, QRP, then OH shall be the longest and PQ the shortest 
side of the figure. 

9. If a straight line he drawn through ff, one of the angttlar points 
of a square, cutting one of the opposite sides, and meeting the other 
-produced at K; shew that HK is greater than the diagonal of the 
aqaai'e. 

"10. ABCD is a rhombus; from A draw AE cutting the side BC in 
any point, and meeting DC produced in E, Prove that AE ia greater 
than the diagonal AC. 

11. is the middle point of the side LM in the triangle KLM; if 
the angle OKM be greater than the angle OKL, KL shall bo greater 
thanA'jtf. 

13. ABC is a triangle in which BA is greater than CA-, the angle 
A is bisected by a straight line which meets BC at D. Pi-ove that BD 
is greater than CD. 

[From AB cut off AE equal to AC, and join DE. ] 
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18. Of aXi the ftraight lines which can be drawn from a given point to meet a 
given straight line the least is the perpendicular; and of the resty that which is 
nearer to the perpendicular is always less than one more remote ; and from the same 
point there can he drawn to meet the line two straight lines, and only two, which are 
equal to one another, one on each side of the perpendicular. 

Let QT be the given st. line, and P the given point withont it. 

Draw PR J-r to QT, and PO, PQ, any other st lines from P meeting QTiaO 
and Q ; and let PO be nearer to PR than PQ. 

Then shall PR be less than PO, and PO less than PQ. 




For, •.• the z PRO is a rt. z , 

.*. the z POR is less than a rt. z ; I. xvii. 

.-. the Z PRO is greater than the z POR ; 

.*. PO is greater than PR, I. xix. 

that is, PR, the perpendicular, is less than PO, any other line drawn from 
P to meet QT. 

Again, *.- the exterior z POQ of the A POR is greater than the interior, 
opposite z PRO, I. XVI. 

.*. the z POQ is an obtuse z ; 

.*. the z PQO is an acute z ; L xvii. 

.•. the z POQ is greater than the z PQO ; 

.'. PQ is greater than PO, I. xix. 

that is, PO, the nearer to the perpendicular, is less than PQ, the more remote. 

Also there can be drawn from P to meet QT two equal st. lines, one on 
each side of PR. 

From RT cut off RS equal to RO, and join PS, 

Then •.♦ RS=RO, Constr. 

and RP is common to the two As SRP, ORP, 

the 2 sides SR, RP =ihe 2 sides OR, RP, each to each, 

and the rt. Z PRS =the rt. Z PRO ; At. 11. 

.*. the base P5=the base PO. I. iv. 

But, besides PS, no other st. line equal to PO can be drawn from P to 
meet QT. 

For, if possible, let PT=PO. 

Then, •.• PT=PO, 

and PS=PO; 

.-. PS=PT, Ax. 1. 

that is, a line nearer to the perpendicular = a line more remote, 

which has been shewn to be impossible. 

Wherefore of all the straight lines dtc. q. e.d. 



^ SECTION I.] 



PROPOSITION XIX. 



Ax. I. Things which a: 



I 



REFERENCES. 
1UB.1 to the same thing are equal to one aaother. 
; eqoal to one another. 
I. tr. If two triBingleB have two aides of the one eqnal to two sides of the other, 
each to each, and have alao the angles oontaiiied by ihose Bidea equal to one 
another, the; nhall also have their bases eq^iial ; and the two trianglea ehall be 
equal, and their other angles shall be equal, each to eaeh, namely those to which 
the equal sides are opposite. 

I. zvi. If one side of a triangle be produced, the enterior angle shall be greater 
than either of the interior opposite angles. 

I. irn. Any two angles of a triangle are together less than two right angleB, 



DEFINITIONS. 

The diitance from a point to a line is the length of the perpendicular let fall 
from the point on the line. 

The altitude of a triangle is the length ot the perpendicular from the vertex to 
the base, oi the base produced. 

The altitude of a paTallelogram is the length of the perpendicular on the baif 
from any point in the opposite side. 



EXERCISES. 

A di^oiml is greater than a aide of a square. 

A diagonal of a rectangle is greater than the longest sida 

A aide of a rhombus is greater than the half of the longer 
I diagonal. 

Prore that Point however deeji, if standing square, ia nearer to 
I the Batsman than to the Bowler. 

The perpendicular AD divides the base JBC of a triangle ABC 
' into two segmente of which SD ia the greater ; prove that AB is greater 
I than AC, and the angle JiAD than the ungle CAD. 

19, Prove indirectly the converse of the first part of Ex. 18. 

20. If two right-angled triangles have their hypotenuses equal and 
I, aide of one equal to a side of the other, prove that they are equal in 

' all respects. 

Two right-angled trianglea which have two sides about an acute 
angle of one equal to two sides about an acute angle of the other, each to 
each, are equal in all respects. 

22. If a point be taken in a straight line drawn at right angles to 
the diameter of a circle from the extremity of it, and this point be 
I joined to the centre, the joining line shall cut the circumference. 

If from the vertical angle of a triangle three straight lines be 
drawn, one bisecting the angle, another bisecting the base, and the third 
I perpendicular to the base, prove that the bisector of the angle is 
[ intermediate in position and magnitude to the others. 

ISee Es. 6, Prop, int., and Ei. 11, Prop, xviii.] 



4 
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PROPOSITION XX. THEOREM. 

Any two sides of a triangle are together greater than the third 
side. 

Let jR^OPbea A. 

Any two sides of it are together greater than the third side, 

namely, ON, NP greater than PO ; 

JVP, PO greater than 0N\ 

and PO, ON greater than NP. 




Produce ON to Q, making NQ = NP, |^ j*^* ^' 

and join QP. Post. 1. 

Then •.• NQ = NP, Constr. 

the Z NQP = the Z NPQ. I. v. 

But the Z OPQ is greater than the Z JV^PQ ; u4a;. 9. 

.-. the Z OPQ is greater than the Z OQP. 
And •.• the Z OPQ of the A OPQ is greater than its Z QP, 
and that the greater Z is subtended by the greater side ; I. xix. 
/. the side OQ is greater than the side P 0. 
But OQ = OiV and NP. 
.\ ON, NP are greater than PO. 
In the same manner it may be shewn that 

NP, PO are greater than ON, 
and PO, ON greater than NP. 
Wherefore any two sides Jkc. Q. k d. 



SECTION I.] PROPOSITION XX. 6S 

KEFERENCES. 

Post. 1. Let it be granted that a straight line ta&j be diawn from an; one 
point to any other point. 

Poet. 2. Let it be granted that a terminated straight Une ma; lie piodaced to 
any length in a atraight Hue. 

Ai. 9. The nhole ie greater than its part. 

I. m. From the greater of two giTen straight lines to cnt off a part equal to the 

I. T. The ant^Iea at the base of an isoBceleB triangle are eqnol to ono another ; 
i if the eqnal sides be produced the angles on the other side of the base shall ba 
«qiial to one another. 

EXERCISES. 

1. In a triangle any aide in greater thaji the difference between the 
ler two Bidea. 

2. The diameter is greater than any other straight line that can be 
drawn with its ends in tho circumference of a given circle. 

>. The sum of the diagonals of any quadrilateral is greater than 
lum of either pair of opposite sides of the figure ; and the perimeter 
of a four-sided figure is less than twice the snm of the diagonals. 

4. If three poiuts be taken in the sides of a triangle, one in each, 
the perimeter of the triangle is greater than that of the triangle formed 
by joining the three points. 

5. Any three aides of a quadrilateral are greater than the fourth 
inde. 

6. In a quadrilateral the sum of any two sides is greater than the 
difference between the other two. 

1 7. Any side of a polygon is less than the sum of the other sides. 

8. The perimeter of a triangle is greater than the double of any 
One side, and less than double the snm of any two sides. 

9. The sum of the distances of any point from the three angles of a 
triangle is greater than the seini-perimi^ter of the triangle. 

10. The four sides of any quadrilateral are greater than the two 
<di&gonals. 

11. The two sides of a triangle are greater than twice the straight 
line drawn from the vertex to the middle point of the base, 

12. Any two sides of a triangle are togotlier less than the sum of 
the third side and twice the median. 

13. The sum of the three medians of a triangle is less than its 



14, The BTim of the distances of any point from the angles of a 
quadrilateral is not less than the sum of the diagonals, and greater than 

semi-perimeter of the figure. 

15, N is any point in PR one of the equal sides of the isosceles 
I triangle PQR, and M is the middle point of QH ; shew that the sum of 
KFQ and UN ia greater than the sum of FN and QM. 



EUCLins ELEMENTS. 



PROPOSITION XXI. THEOREM. 

If from the ends of a side of a trtaTigle there be drawn two 
straight lines to a point within the triangle, these shall be less than 
the other two aides of the triangle, bat shall contain a greater angle. 

Let OPQ be a A, and from the points P, Q, the ends of the 
aide PQ, let the two st. lines PR, QB be drawn to the point R 
within the A. 

ThenPfl, QB shall be less than PO, OQ, the other 2 sides of the A 
but shall contain an Z PliQ greater than the /: POQ. 




I 



Produce PR to meet OQ at 8. 
'.• two sides of a A are greater than the third aide, 
the 2 sides PO, OS of the A POS are greater than the 
side PS. 

To each of these add SQ. 

.-. PO, OQ are greater than PS, SQ. 
Again, the 2 sides QS, SR of the A QSR are greater than 
the side QR. 

To each of these add RP. 

:. QS, SP are greater than QR, RP. 
Butithas beenahewnthat PO, OQ^re greater than QS,SP; 

much more then are PO, OQ greater than PR, RQ. 
Again, ■.the estr. Z ofany A isgreaterthan theintr. opposite £ , 
the extr. /.PRQoHhe A Qfl5ia greater than the z: QSR. 
For the same reason, 

the estr. z QSP of the A OPS is greater than the ^ POS. 
And it haa been shewn that the ^ PMQ is greater than 
the /:Q8P; 

much more then is the Z PRQ greater than the ^ POQ. 
Wherefore if from the ends >i-c. Q. K 




pRiipoRiTroN sxr. 



REFEEENCES. 

Post. 2. Lst it be gvaiiitctl tlml a. termiuatail eCraight line may be praducpd to 
^y length in a straight line. 

If one Hide of a, triangle be produoed. the exterior angle ehall be greater 
n either of the interior opposite angles. 

Any two sides of a triangle are together greater than the third side. 



siUe of the straight iini 



C ia drawn perpendicular to ^C and produced ti 
'.to AC; BDiR joined oitting EC at E, and F ia any ( 
Prove that BE, EA are together leas than BF, FA. 



^ 



thence to the e 

3. If two triangles ABC, ABD be on the aame base AB, and the 
(loiut C be not coincident with D nor witliout the triangle ABD, the 
perimeter of the triangle ACB shall be less than that of the triangle 
ABD. 

4. ABC is a triangle, and P any point within it; shew that the 
mun of PA, PB, PC is leas than the perimeter of the triangle, 

5. If lines be drawn from the angles of a square to a point within 
it, they shall he together less than the perimeter of the square. 

6. The perimeter of a rhombus is greater than the sum of the 
distances of any point within it from the angular points. 

7. HKL is a triangle, and KMNL a quadrilateral having tho 
angular points M, N within the triangle UKL. Pi-ove that the 
perimeter of the quadrilateral is less than that of the triangle. 

8. Two oonyes polygons ABFGH, ABCDE are on the same base 
AB and on the same aide of it, none of the points F, G, 11 being withont 
the polygon ABCDE; prove that the perimeter of ABFGH ia less than 
that of ABCDE. 

vithin another, its perimeter shall be 

10. ABC, ABD are two triangles on the same base AB, and AC ia 
equal to AD, If points i*, Q be taken in AC, AD respectively, such 
that the angles PBC, PCS are equal, and likewise QBD and QDB 
<r that Q cannot lie within the triangle PAB. 
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PROPOSITION XXII. PROBLEM. 

To make a triangle of which the sides shall be equal to three 
given straight lines, but any two whatever of tlisse must be greater 
than the third. 

Let A, By G be the 3 given st. lines, of whieh any two what- 
ever are greater than the third ; 

namely, A and B greater than C; 
B and C „ A; 

G and A „ B, 

It is required to make a A of which the sides shall = A, B, G, 
each to each. 




Take a st. line HL terminated at H, but unlimited towards L, 
and make HX = A,XY= B, and YK= G. I. m. 

From the centre X, at the distance XH, describe the 
circle HZM. Post. 3. 

From the centre F, at the distance TK, describe the 
circle KZM, cutting the former circle at Z, Post. 3. 

and join ZX, ZY. Post. 1. 

The AXFZ shall have its sides equal to the 3 st. lines A, B, G. 
'.' the point X is the centre of the circle HZM, 

XH = XZ. 
BntXH^A; 

.*. XZ "= Am 

Again, •.* the point Y is the centre of the circle KZM, 

YK= YZ. 
But YK= C; 
.-. YZ=G. 
And XY==R 

.\ the 3 St. lines ZX, XY, YZ respectively = the 3 st 
lines A, By C. 

Wherefore the AXYZ has its 3 sid^s ZX, XY, YZ 
equal to the 3 given st. lines Ay B, C, q. e. f. 



2W. 15. 

(fonstr. 

Ax, 1. 

2y. 15. 

Uonstr, 

Ax. 1. 

Constr. 



I 8ECTI0S I.] PROPOSITION XXII. 



BEFEEENCES. 



Daf. 15. A circle ia a, plane figure contained by one line, whioli is called the 
cnrcumfereitcB, and is auch, that u.11 8trait;1it lines drawn from a certain point 
witMa the figure to the aircumferonce are equal to one another. 

Post. 1, Let it be grontett that a atraiglit line may be drawn Trom any one 
joint to any other point. 



^B Ax. 1. Tbinga which are eqtial to the eama thing arc oqual to one another. 
^M I. m. From the greater of two given straight lines to cut off a part equal 

■ tog< 



Font. 3. Let it be granted that a oircle may be described from any ci 
~iy distance from that centre. 



EXERCISES. 



» 



sLewing how tlie construction fails wlieti B and C 
together are not greater than A. 

Find a point at given distances from two given points. 
Is it possible to make a triangle having its sidea resjjectively 4, 
5, and 10 inches in length 1 

4. Construct a, triangle having its sides reajjectively twice, three 
times, and four times a given liua 

to half the sum 

Construct a triangle having given the base, and also the sum and 
f. difference of the two sides. 

7. Given the sums of each pair of sides, construct the triangle. 

8. Construct a triangle, having given two sides, and the line from 
-tlie middle point of one of them to the opposite angle. 

9. Comtruct a quadrUateral FQBS, having given SP, PQ, QS, SR, 
SQ. 

10. Construct a quadrilateral, having given that the four sides are 
respectivelj equal to four given straight lines, and that one of the angles, 
contained by two specified sides, is a right angle. 

11. Construct a pentagon, having given that the sides and two 
diagonals are respectively equal to seven given straight lines. 

12. From a given point draw three lines respectively equal to three 
given lines A, B, and C, of which the sum of A and B is greater than 
the double of C, so that their extremities may be in one line and equally 
distant from each other. 



L 
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PROPOSITION XXIII. PROBLEM. 

At a given point in a given straight line^ to make a rectilineal 
angle equal to a given rectilineal angle. 

Let PQ be the given st. line, P the given point in it, 
and ABC the given rectilineal Z . 
It is required to make at the given point P, in the given st. 
line PQ, an Z. equal to the given rectilineal Z. ABC. 




In BA, BC take any points A, C, and join AC. Post 1. 

Make the A PXY, the sides of which shall = the 3 st. 
lines, BA, A C, CB I 

so that PX shaU = BA, XY^AC, and YP = GB. 1. xxn. 

Then the Z. XPY shall = the Z ABC. 
v XP, PY= AB, BC, each to each, 
and the base XY = the base AC; Constr. 

.-. the Z ZP r = the Z ABC. I. vm. 

Wherefore at the given point Pin the given st line PQ, 
the Z XPY has been made equal to the given rectilineal 

Z ABC. Q. E. F. 



PROPOSITION XXJII, 



BEPERENCES. 



PoBt. I. Let it bs grantetl that a straight line ma; be drawn from any oua 
K'poiDt to aay other paint. 

. rai. I! two trianpiloa have two aides ot the one equal to two sides of the 
other, eaoh to eaoh, and liavs likewise their bases c^ual, the angle which is 
contained b; the two sides of the one shall ba eqnal to tho angle which is ooutained 
by the two sides. equEil to them, of the other. 

I, Exii. To make a triangle of which the aides shall be equal to three given 
straight lines, bat any two whatever of these must bo ercutei' than the thlid. 



I EXERCISES. 

I t. At a given point in a given straight line there cannot be made 

I more than two angles equal to a given angle, one on each side of the line. 

1 2. At a given point in a given straight line make an angle eupple- 

I mentaiy to a given angle. 

I 3. At a given point in a given straight line make an angle which 

I is equal to the complement of a given angle. 

I 4. Make an angle equal to three times a given angle, and such that 

Lthe two angles have a common vertex and a common arm, 

I 5. Make an angle 3^ times a given angle. Is it posi'ible with 

I Suclid's restrictions to make an angle 3^ times another! 

I 6. The sum and difference of two angles are together double of tlie 

1 greater of theni. 

I 7. Find two angles whose sum is equal to a given angle and whose 

I difference is equal to another given angle. 

I 8. If one angle of a triangle is equal to the sum of the other two, 

I the triangle can be divided into two isosceles triangles. 

f' 9. j1 is a given point without a given straight line, and B a, given 

I point in it. Draw from A to the given straight line a line AP, such 

I that the sum of AP and PS may be equal to a given line. 

I 10. P is a given point without a given straight line, and a given 

I'point in it. Find a point 2C in the given line, such that the difference 

W between the lines P2^ and OX may be equal to a given line. 

■ 11. Construct a triangle, having given ; 

I (i) Two sides and the included angle. 

I (ii) A side and the adjacent angles. 

I (iii) The base, an angle at the base, and the sum of the sides. 

I (iv) The base, an angle at the base, and tke difference of the aides. 

B 12. Construct a I'hombus, given a side and an angle. 

I 13. Construct a polygon equiangular to a given polygon. 

I 14. From the angular points £■, f of the triangle BS^' draw .ffC, 

M FH, making equal angles witli A'P, meeting the opposite sides in G and 

R J£, and intersecting in K. Prove that, if the angle DKH \s equal to 

E the angle DKG, the triangle is isosceles. 
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PROPOSITION XXIV. THEOREM. 

If two triangles have two sides of the one equal to two sides of 
the oilier^ each to each, hut the angle contained by the two sides of one 
of them greater than the angle contained by the two sides equal to 
them, of the other, the base of that which has the greater angle shall 
be greater than the base of the other. 

Let FOH, NOP he 2 As, which have the two sides FG, FH 
equal to the two sides NO, NP, each to each, namely, FG to NO, 
and FH to NP, but the Z Gi^jff greater than the Z ON P. 

Then the base GH shall be greater than the base OP. 





Of the two sides NO, NP, let NO be the side not greater 
than the other. 

At the point N in the st. line NOy make the Z ONQ equal 
to the ZGFH; 

make NQ equal to FH or NP, 
and join OQ, QP. 

V FG = NO, 
and FH = NQ; 
the 2 sides GF, FH = the 2 sides ON, NQ, each to each, 
and the Z OFH = the Z ONQ; 

.*. the base GH = the base OQ, 
And •.• NQ = NP, 
the Z NQP = the Z NPQ, 
But the Z NPQ is greater than the Z OQP. 
:. the Z NPQ is greater than the Z OQP. 
Much more then is the Z OPQ greater than the Z OQP. 
And -.-in the A OPQ, the Z OP ^ is greater than the Z OQP, 
and that the greater Z is subtended by the greater side ; 
.*. the side OQ is greater than the side OP. 
But OQ was shewn to = GH; 

.'. GHis greater than OP. 
Wherefore if two triangles dx. Q. E. p. 



I. xxin. 

I. III. 

Post 1. 

Hyp. 

Constr. 

Constr. 

I. IV. 

Constr. 

I.V. 

Ax. 9. 
Ax. 9. 



I. XIX. 



I SECTION I.] 



PROPOSITION XXIV. 



e greatest side. 
D. Shew that 



REFERENCES. 
Post. 1. Let it be EranteJ that a straight line may lie drawn from auy one 
Jwint to any other pomt. 

Ai. 9. The whole iq greater than Its part. 

I. III. From the greater ot two given straight lines to cut oft a part eqnal to 

I. IT. If two triangles have two sides of the one equal to two sides of the other, 
each to each, and have also the angles contained by ttiose sides equal to one 
Another, the; shall also hive their bases equal ; and the two triangles ehall be 
equal, and their other angles shall be equal, each to each, namely those to which 
the eqnal sides are opposite, 

I. V. The angles at the base of an isosceles triangle are equal to one another ; 
and if the ec|ual sides be produced the angles on the other side of thu base shall be 
equal to one another. 

xiK. The greater angle of every triangle is subtended by the greater aide. 

xxni. At a given point in a given straight line, to tnake a rectilineal angle 
eqnal to a given rectilineal angle. 

EXERCISES. 

1, In the ligure, prove that P must fall beiow OQ. 
[See Ex. 3, Prop. XIX.] 

2. SLew that in using compasses, if we increase the ungle between 
the legs, we get a longer radius. 

I. ABC is an acute-angled triangle of which AC ii 
Produce CB to D making BD equal to BG and join 
AD is greater than AC. 

t. The vertical angle BAG of the iaoacelea triangle ABG is bisected 
hythe straight line AD. Shew that the distance of any point /"from 
£ is less than its distance from C, if it is on the same side of AD 

ria. 

), From F, the middle point of DE, FG is drawn at right angles 
to DE; shew that every point out of the line FG is at unequal distances 
from D and E, 

). From E, the middle point of CD, EF is drawn making an 
angle which is five-elevenths of two right angles with ED. Shew that, 
if J" be any point in EF, F is nearer to D than to C. 

f. The greater angle at the centre of a circle is subtended by the 
.greexer chord. 

i. If the hypotenuso BC of a right-angled triangle he produced to 
D flo that CD is eqnal to AB, AD shall be greater than BG. 

J, If a point be taken within an equilateral triangle A BC so 
that the angle GAB is greater than the angle GAG, the angle OCB 
shall be greater than the angle OBC. 

10. Of two sides of a triangle, that is the greater which is cut by 
the perpendicular bisector of the basa 

II. If one side of a triangle be greater than another, the perpen- 
dicular on it from the opposite angle shall be less than the corresponding 
j)erpendicular on the other side. 

[Produce each perpendicular its one length, and join to the angle from whicli 
I other perpeudicalur is drawn.] 
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PROPOSITION XXV. THEOREM. 

If two triangles have two sides of the one equal to two sides of 
the other, each to each, but the base of the one greater than the base 
of the other, the angle contained by the sides of that which has the 
greater base, shall be greater than the angle contained by the sides 
equal to them, of the other. 

Let DEF, GHKhe two As, which have the two sides DE, DF 
equal to the two sides OH, GK, each to each, namely, DE to GH, 
and DF to GK, but the base EF greater than the base HK, 

The Z EDF shall be greater than the Z UGK, 





For if not, the Z EDF must either = the Z HGK, 
or be less than it. 

If the Z EDF were = the Z HGK, 
the base EF would = the base HK] I. iv. 

but it is not ; Hyp. 

.'. the Z EDF is not = the Z HGK. 
Again, if the Z EDF were less than the Z HGK, 

the base jEF would be less than the base HK; I. xxiv. 

but it is not ; Hyp. 

.\ the Z EDF is not less than the Z.HGK. 
Andit hasbeenshewn that the Z EDF is not = the Z HGK; 
.'. the Z EDF is greater than the Z HGK. 
Wherefore if two triangles &c, Q. E. d. 



PKdPOSITION XXV. 



REFERENCES. 



It two triauglBB have t\ 
a each, and have also tha a 



le equal to two sides of the otlier. 



jntained b; those sides eq.Qal t 



another, they shall also have their bases equal; and the t^ 



s shall he 



equal, and their other angles shall be equal, each ti 
the equal sides are opposite. 

I. iiiv. If two triaiiRles have two tddee of the one equal to two sides of the 
other, each to each, but the an^le coutained by the two sides of oce of them greater 
than the angle eontained by the two sides equal to tbem, of the other, the base of 
that whioh has the greater angle shall he greater than the base of the other. 



EXERCISES. 

Shew that when taking a, longer radiuH with it pair oi" compasses 
e the angla between the legs. 

2. FMN ia a triangle hivving the side PM greater than the side 
FN. Draw PO to the middle point of MN and prove tlmt POM ia an 
obtuse angle. 

3. In a circle the longer cliofd suljtcuds the gi'eater angle at the 
centi-e, 

4. Four unequal roUa on AB, JiC, CD, DA are jointed together 
by hinges, thus forming a quadrilateral Shew that, if the angle BAD 
ia made larger, tlie angle BCD will also be increased, 

5. A pole OP is erected on the interaection of the diagonals of a 
horizontal square ABGD, and its top is attached to corda fastened to 
I)eg3 at tie comera of the square ; AP is 26 ft. ; BP, 30 ft. ; CP, 28 ft. ; 
DP, 30 ft.; in what direction will the pole slant from the vertical 1 

6. ABC is an isosceles triangle, whose vertex ia A, and P is any 
point. If the ajigle PhO be greater than the angle PCB, then shall 
the angle PAG bo greater than the angle PAB. 

7. ABCD is a quadrilateral having AD equal to BC, but AG 
greater than BD; shew that the angle ABC is greater than the angle 
BAD, and the angle ADC greater than BCD. 

8. If perpendiculars be let fall from two angles of a triangle on 
the opposite sides, prove that the side on which the greater perpen- 
dicular falls is less than the side on which the less falls. 

9. MNOP is a quadrilateral, having MN equal to OP, but the 
angle PON greater than the angle MNO ; shew that the angle NMP is 
greater than the angle OPM. 

10. HGK is a triangle, having the side IIG greater than the side 
UK, and M is the middle point of GK, Join IIM, and prove that any 
point in UM is nearer to K than to 0. 
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PROPOSITION XSVI. THEOREM. 

If two tnangles have two angles of the one equal to two angles of 
the <kher, each to each, and one side equal to one side, namely, either 
the sides adjacent to the equal angles, or aides which are opposite to 
equal angles in each, then shall (Ae other sides be equal, each to each, 
and also the third angle of the one to the third angle of the other. 

Let GHK, LAIN be two As. which have the ^ s GHK. HKG 
equal to the ^ s LMN. MNL. each to each, namely, GHK to LMN, 
and HKG to MNL ; and also one side equal to one side. 

First, let those sides be equal which are adjacent to the equal 
Z s in the two As, namely, HK to MK. 

Then the other sides shail be equal, each to each, namely, GH 
to LM, and GK to LN, and the third Z HQK to the third Z MLN. 




For, if GH be not = iM,one of them must he the greater. 
Let GH\iQ the greater, and make HO = LM, 
and join OK. 
Then ■.- OH = LM, 
and HK = MN, 
the 2 sides OH, HK = the 2 sides LM.MN,<iRc\i to each, 
and the /. OHK = the z LMN ; 
.-. the A Oir A' = the A LMN, 
andthe other Z s = the other Z s, each to each, to which the 
equal sides are opposite ; 

.-. the z OKH = the zLNM. 
But the z GKH = the I LNM. 
:. the Z OKH = the Z GKH. 
the less to the greater ; which is impossible, 
.■. GH is not unequal to LM, 
that is, GH^LM; 
and HK = MN; 
.: the 2 sides GH. HK = the 2 sides LM, MN, each to eacii ; 
and the z GHK = the z LMN ; 
.■. the base GK = the base LN, 
and the third Z HGK = the third Z MLN. 



PROPOSITION XXVL 



REFERENCES. 



drawn from any o 
o one another. 



FoBt. I. Let it be granted that a straight line may i 
point to any other point, 

Ai. I. ThingB which are eqaal to the aame thing are ©qnal t( 

Ax. 9, The whole is greater than il.s part. 

I. Rl. From the greater of two given straight lines to ent off a part equal to 
the leBB. 

I. IV. If two triangles have two eiiles of the one equal to two sides of the other, 
each to each, and Lave also the angles contained by those sides equal to one 
another, they shall alao have their bases equal : and the two trianRles shall be 
equal, and their other angles shall be equal, each to each, namely those to which 
the equal sides are opposite. 



EXERCISES. 

1. If a straight line bisecting the vertical angle of a triangle bo at 
right angles to the base, the triangle ia iaosceles. 

2. Two trees at noon cast shadows of the same length ; prove that 
their height ia tjie same. 

3. A football gi-ound was 100 yds. long. Starting from the 50 yds. 
flag I walked away from the ground at right angles to the touch line 
and, after going 30 yds., found that the 25 yds. flag was in a direct line 
with the nearer goal post. What was the distance from the nearer goal 
poet to the comer flag I 

i, A straight line bisects the angle B of the triangle DEF; from 
.B a perpendicular is drawn to this bisecting line meeting it at G, and 
£6 is produced to meet DF or DF produced at H ; shew that FG is 
equal to GH. 

5. Through a given point within an angle BAG draw a straight 
line cutting off equal parts from AB, AC, 

6. Oi\f, 0]lf are two straight lines meeting at 0, and P is any 
point. Through P draw a straight line equally inclined to OM, ON". 

7. /'Gfiia an isosceles triangle having /"©equal to PR; the angle!" 
FQH, PEQ are bisected by QS, I,'T, meeting the opposite sides ia S,T; 
prove that QS is equal to JiT, and PT to PS. 

8. On sailing from a pier I notice the fort f to be due S. and 
another fort G to be exactly N.W. I steer W.S.W. and after a time 
And the fort 7^ to lie R fi-om me, and observe the fort G in the N.E. 
Prove that the forts are equally distant from the pier. 

9. "Walking at a uniform rate along the beach in the direction from 
E. to W., I notice at 9.5 a black buoy due S. of me; at 9.13 I see a red 
liuoy to the 8.W.; at 9.30 turning round I observe the black buoy to 
be in the S.E.; and at 9.38 the red buoy is directly opposite to me in 
the S, Prove that the buoys are equally distant from the beach. 
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PROPOSITION XXVI. {Continued.) 

Next, let sides which are opposite to equal Z s in each A be 
equal to one another, namely, OH to LM, 

Then in this case likewise the other sides shall be equal, each 
to each, namely, HK to MN, and OK to LN, and the third Z. HOK 
to the third Z MLN. 





For, if HK be not = MNy one of them must be the greater. 
Let HK be the greater, and make HP = MN, I. iii. 

and join GP. Post. 1. 

Then ••• OH = LM, Hyp. 

and HP = MN, Constr. 

the 2 sides OH, HP = the 2 sides LM, MN, each to each, 

and the Z. GHP = the zLMN\ Hyp. 

:. the A GirP= the l^LMN, 
and the other Z s = the other Z s, each to each, to which 
the equal sides are opposite ; 

.-. the Z HP = the Z MNL. 1. iv. 

But the Z HKG = the Z MNL. Hyp. 

:. the Z jHP(? = the Z ifiTG^ ; ^a?. 1. 

that is, the extr. Z HPO of the A OPK = its intr. opposite 
ZHKG; 

which is impossible. I. xvi. 

.*. HK is not unequal to MN, 
thsit is, HK = MN; 

and OH = LM] Hyp. 

.'. the 2 sides OH, HK = the 2 sides iil/, MN, each to each ; 

and the Z GHK=- the Z iJfi\r; i/jrp. 

.*. the base OK = the base LN, 
and the third Z HOK = the third Z MLF. I. iv. 

Wherefore i/ two triangles <Scc. Q. E. D. 



SECTION I.] 



PROPOSITION XXVI, 



REFERENCES. 

Post. 1. Let it ba granted that a straigllt line mny lie drawn from any one 
point to any other point. 

Ax. 1, ThingB vhicli are e^ual to tlie esiae thing are eiinol to one iinnther. 

I. ni. From the greater oF i^o given straight lines to cut off a part equal to 
the less. 

I. rv. If two triangles hare two sides of the one equal to two sides of the other, 
each to each, and have also the angles contained by those sides ecgual to one 
rinothec, they ahall also have their bases equal ; and the two triangles shall bo 
eiiiml, and their other angles shall be eiiual, eooh to each, namely those to which 
the eqnal sides are opposite. 

I. iTi. If one aide of a triangle be produced, the eiterioc angle shall be greater 
than either of the interior opposite angles. 



EXERCISES. 

1. If two right-angled triangles have equal hypotenuses, and an 
acute angle of one equal to an acute angle of the other, the triangles 
are equal in all respects. 

2. The perpendicular on the baae of an isosceles triangle from the 
vertex bisects the baae and the vertical angle. 

3. Shew that a circle is symmetrical with regard to a diameter. 

4. Take aa centre a point P without a straight line jIjS, and describe 
two citciea cutting AH. Prove that the parts of A£ intercepted 
'between the circles will be equal. 

5. From the top of a tower two objects on the ground have equal 
angles of depression ; shew that they are equally distant. 

C. The pei-pendiculara let fail on the opposite sides from the 
extremities of the base of an isosceles triangle are ec[ual. 

7. Let ABC be a triangle, and let the angles CAB, ABC be bisected 
by the straight lines AD, BD, meeting at D. From D draw BB, DF, 
DG perpendiculars to AB, BC, CA. Prove that DE, DF, DG are 
equal to one another. 

8. In BC one of the sides of a triangle ABC find a point equi- 
distant from AB, AC. 

9. In a given straight line find a point such that the perpendiculars 
drawn from it to two given straight lines which intersect shall be equal. 

10. Find a point equally distant from three given straight lines. 

11. Through an angle of a given triangle draw a straight line 
cutting the opposite aide such that perpendiculars let fall on it from the 
other two angles may he equal. 

12. Through a given point draw a line such that perpendiculars on 
it from two other given points may be on opposite aides of it and equal 
to each other. 
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13. If two triangles have two sides of the one equal to two sides of the other ^ each to 
each, and the angles opposite to one pair of eqtial sides equal; then, if the angles 
opposite to the other pair of equal sides he both acute, or both obtuse angles, or if one 
of them be a right angle, the two triangles are equal in all respects. 

Let HKL, MNO be two As having the two sides HK, KL equal to the two sides 
MN, NO, each to each, and the iKHL equal to the iNMO. 

Then, if the zs KLH, NOM be both acute, or both obtuse, 
6r if one of them be a rt. i, 

the A HKL shall = the A MNO in all respects. 




If the z HKL be not = the z MNO, 

one of them must be greater than the other. 
Let the i HKL be the greater. 

Make the z H^P=the z MNO, and let KP meet HL in P. 
Then the As HKP, MNO are equal in all respects. 
.-. the z ^P£r=the z NOM, 
BXid KP=NO; 
h\xt KL=NO; 
• Kp±zKL • 
.-. the z i:PL=:the Z KLP ; 
and it has been shewn that the z KPH= the z NOM; 

.-. the zs KPL, KPH^ihe zs KLP, NOM, 
But the zs KPL, KPH together s two rt. zs. 

.*. the IS KLH, ^OJtf together = two rt. zs. 

Now, let the zs KLH, NOM be both acute ; 
then two acute zs^two rt. Zs ; which is impossible. 
Next, let the zs KLH, NOM be both obtuse ; 
then two obtuse Zs^two rt. zs ; which is impossible. 
Lastly, let one of the zs KLH, NOM be a rt. Z ; 

Uien the other is also a rt. z. 
But the z NOM has been shewn =: the z KPH ; 
.-. the z ^PH=the z KLH, 
the extr. z of the A£PI«=the intr. opposite z ; which is impossible. 

/. the z HKL U not unequal to the z MNO. 
.-. the Z jff^L=the Z MNO ; 
and .*. the A HKL^Uhe A MNO in all respects. 

Wherefore if two triangles &c. q. e. d. 



I. xxni. 

L ZXYI. 



Hyp. 

Ax. 1. 

Lv. 

AX. a. 

I. xin. 



I. XVI. 



I. IV. 




I 



EQUALITY OF TRIANGLES. 

The L a A'Lff, N03/ will be both acute 
( Bquttl Ls KHL, NilO are obtuae, or are rt. if ; or 
(li) Whea HK is less than KL, and conaeqaentlr HIN less than NO. 
[See Ex. 2, Prop. svii. ; and Ei. 2, Prop, ivm.] 

EEFEBENCES. 

As. 1. Things which are eqnal to the aame thing are equal to one another. 

Ax. 2. If egnals be added to equals the wholes are eqnal. 

I. IV. If two trianglea have two sides of the one equal to two Bldee of the other, 
each to each, and have also tlie angles contained by those aides equal to one another, 
they shall also have their bases eqnal ; and the two triangles shall be eqnal, and 
their other angles shall be equal, each to each, namely those to which the equal eidea 
are opposite. 

I. V. The angles at the base of an isosceles triangle are equal to one another ; 
md if the eqnal sides he produced the angles on the other side of the base sh^ ba 
equal to one another. 

I. xm. The angles which one fltraiHht line makes with another straight line on 
ODe side of it, either ore two right angles, ot are together equal to two right angles. 

I. in. If one side of a triangle be produced, the esterior angle shall he greater 
than either of the interior opposite anglea. 

I. xxui. At a given point in a given straight line, to make a rectilineal angle 
eqnal to a given rectilineal angle. 



k 



EQUALITY OF TRIANGLES. 

A triangle has sis ports, three sides and three angles, and in order that two 
triangles may ba proved eqnal in all reapects not less than three parts of one mast 
be given eqnal to corresponding parts of the other. In Euclid's elements there 
Bie Propositions IV., YIII., and XXVI., by which triangles may be proved identi- 
cally eqnal. The parts given equal are ; 

in Prop. IV., two sides and the contained angle | 
VIU., the three sides; 
., XXVI., two angles and the adjacent side ; and 

two angles and a side opposite to one of them. 
Thus there remain the cases in wliich the following parts in one triangle ore 
given equal to corresponding ports in the other : 

(1) two sides and an angle opposite to one of them ; 
fi) the three angles. 
Whea two triangles have two sides of the one respectively equal to two aides of 
the other, and the angles opposite to one pair of equal sides equal, it does not 
always follow that the triangles are equal, but with certain rostrietiona as to the 
magnitude of the anglea opposite to the olhtt pair of eqnal aides, it has been proved 
on the opposite page that the triangles are equal in all respects. 

It will be shewn in Prop. XXXII. that the three angles of a triangle are not 
independent of each other, that is to say, when two of them are given, the third can 
be found, so that when the three angles of one triangle are given eqnal respectively 
to the three angles of another, only two parts are really given equal to two parts, 
and the triangles will not necessarily be equal in every respect. It will follow from 
Prop. XXIX. that triangles, which have their sides respectively parallel to those ol 
another triangle, will be equiangular to one another, but may all be unequal. 
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PROPOSITION XXVIL THEOREM. 

If a straight line falling on two other straight lines, maJce the 
alternate angles equal to one another^ the two straight lines shall be 
parallel to one another. 

Let the st. line HK, which falls on the two st. lines CD, EF, 
make the alternate Z s GHK, HKF equal to one another. 

CD shall be 11 to EF, 




For if not, CD and EF, being produced, will meet, either 
towards D, F, or towards C, E. 

Let them be produced and meet towards D, F at the 
point L, Post. 2. 

Then LHKia a A, and its extr. Z CHKis greater than the 
intr. opposite Z HKL. I. xvf . 

But the Z CHK = the Z HKL ; Hyp. 

which is impossible. 

/. CD and EF being produced do not meet towards 2), F. 
In like manner, it may be shewn that they do not meet 
towards (7, E. 

But those st. lines in the same plane, which being pro- 
duced ever so far both ways do not meet, are parallel. Def 35. 

.-. CD is II to EF. 
Wherefore if a straight line Sc. Q. E. D. 



tCTION II.] 



PROPOSITION XXVII. 



REFERENCES. 

Def. 35. Parallel straight linea are Bneh aa are in the same p 
I being produced ever so fai both ■ways do not meet. 

Port, 2. Let it lie granted tliat a tetminated Btraight lina may 
uiy length ia a straight lice. 

I. ivi. If a Bide of a. triangle be proilneed, the esterior angle shall 
thlln either of the interior opposite angles. 



If a atraiglit lin 
(■«ltemate angles unequal 



EXERCISES. 

; falling on two other straight lines make the 
., the two straight lines shall not be pftraltej. 
A square has its opposite aides parallel. 
A rhombus is a parallelogram. 

If two opposite sides of a quadrilateral be equal to one another, 
Kind the remaining aides be also eqnal to one another, the figure is a 
>. parallelogram. 

If straight lines be perpendicular to the same straight line, they 
I ahaU be parallel to one another. 

6. A straight line ia drawn through the vertex of an isoseelea 
iangle so as to make equal angles with the sides; prove that this line 
I must be either parallel to the base, or perpendicular to it, 

straight line falling on two other straight lines make the 
L axterior angles upon opposite sides of the line equal to one another, the 
I two straight lines shall be parallel. 

Btraight line falling on two other straight lines make two 
exterior angles upon the same side of the Line together equal to two right 
angles, the two straight lines shall he parallel. 

If two straight lines bisect each other, and their extremities be 
■ joined, the figure thus formed shall be a parallelogram. 

If the diagonals of a quadrilateral bisect each other, it is a 
{ parallelogram. 

A diameter is drawn in each of two concentric circles. Pi'ove 
that the straight lines joining their extremities are the sides of a 
parallelogram. 

12. The side AC of a triangle ABC ia bisected at D, and BD is 

I produced to E, so that DB is equal to BD. Prove that AB ia parallel 
to 5(7. 
13, Two straight lines drawn from the extremities of the base of a 
triangle to the opposite sides cannot bisect each other. 
A. E. 6 
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PROPOSITION XXVIII. THEOREM. 

If a straight line falling on two other straight lines, make the 
exterior angle equal to the interior and opposite angle on the same 
side of the line, or make the interior angles on the same side together 
equal to two right angles, the two straight lines shall be parallel to 
one another. 

Let the st. line HM, which falls on the two st. lines DE, FG, 

make the extr. Z HKE equal to the intr. and opposite Z KLG on 

the same side, 

or make the intr. Z s on the same side EKL, KLG together equal 

to two rt. Z s. 

DE shall be H to FG, 




vthe Z HKE=^ the Z KLG, 
and the Z HKE = the Z DKL ; 
.-. the Z DKL = theZ KLG] 
and they are alternate Z s; 

.-. DE is II to FG. 
Again, •/ the Z s EKL, KLG together = 2 rt. Z s, 
and the Z s EKL, DKL together =» 2 rt. Z s; 

/. the Z s EKL, DKL = the Z s EKL, KLG. 

Take away the common Z EKL. 
.\ the remaining Z DKL = the remaining Z KLG; 
and they are alternate Z s ; 

.-. DE is II to FG. 
Wherefore if a straight line <kc, Q. E. D. 



Hyp. 
I. XV. 
Ax. 1. 

I. XXVII. 

Hyp. 

L xin. 

I -4a?. II. 

( Ax, 1. 

Ax.Z. 

I. XXVIL 



SECTION II.] 



PROPOSITION XXVIII. 



REFEHENCES. 
Ax. 1. Things whieb are equal to ths same thing arc equal to one another. 
Ai. 3. If equals be taken from eqnals the remaindera are equal. 
Ai. 11. All right angles are equal to one another. 

1. iiu. The angles which one Btrai^ht line makes with another straight line on 

one Bide of it, either are two right angles, or are together equal to two right angles. 

I. IV. If two straight lines cut one aootlier, the Tertical, oppoaitB angles shall 



If a 



straight line falling on two other s 



e another, the ti 



aight i 



, make the 



aight lines shall be parallel to 



EXERCISES. 



V 1. If a straiglit line falling ou two other atraiglit liues, make tlie 

" exterior angle unequal to the interiur and opposite angle on. the same 
side of the line, the two straight lines shall not be parallel. 

2. A square is a parallelogram. 

3. Straight lines which are perpendicular to the same sti'aight line 
are parallel to one another. 

4. Two opposite angles of a quadrilateral are together equal to two 
right anglea, and one of them is equal to a third angle of the figure ; 

e that the quadrilateral has two sides parallel. 

I. A quadrilateral ABCB haa the angles ABC, BCD supple- 
nientary, as also the angles ABC, BAD. Prove that ABCD is a 
parallelogi'am. 

6. Two triangles ABC, DEF, having the angle ABC equal to the 
angle DEF, and the angle ACB to the angle DFE, are placed so that 
BC and EF are in the same straight line BCEF, and the triaoglea on 
the same side of it. Prove that neither BA, FD are parallel nor AC, 
DE; but that BA, AC, FD, DE, when produced, will form the wides of 
a parallelogram. 

f one of the equal sides of an iso.sceles triangle be produced 
i through the vertejc, the bisector of the exterior angle shall be paralh't 
t to the base of the triangle. 

If a striiigbt line falling on two other straight lines make two 
M' exterior angles upon the same side of the line together equal to two 
right angles, the two straight lines shaU be parallel. 

f a straight line falling on two other straight lines make the 
r exterior angles upon opposite aides of the line equal to one another, the 
I two straight lines shall be parallel. 
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PROPOSITION XXIX. THEOREM. 

If a straight line fall on two parallel straight lines, it makes 
tlie alternate angles equal to one another, and the exterior angle 
equal to the interior and opposite angle on the same side; and also 
the two interior angles on the same side together equal to two right 
angles. 

Let the st. line KLMN fall on the two parallel st. lines EF, GH. 

The alternate Z s ELM, LMH shall = one another; 
the extr. Z KLF shall = the intr. and opposite Z LMH on the same 
side of KN, 

and the two intr. Z s FLM, LMH on the same side of KN shall to- 
gether = 2 rt. Z s. 




For, if the Z ELM be not = the Z LMH, 

one of them must be greater than the other. 
Let the Z ELM be the greater. 
Then the Z ELM is greater than the Z LMH. 
To each add the Z FLM. 

:. the Z s ELM, FLM are greater than the Z s FLM^ LMH. Ax. 4. 
but the Z s ELM, FLM together = 2 rt. Z s. I. xiiL 

.'. the Z s FLM, LMH are together less than 2 rt. Z s. 
But, if a st. line meet two st. lines, so as to make the two 
intr. Z s on the same side of it, taken together, less than 
two rt. Zs, these st. lines, being continually produced, 
shall at length meet on that side on which are the Z s 
which are less than two rt. Z s. Ax. 12. 

.*. the St. lines EF, GH, if continually produced, will meet. 
But they never meet, since they are parallel. Hyp- 

.'. the Z ELM is not unequal to the Z LMH. 
.-. the Z ELM= the Z LMH. 
But the Z ELM = the Z KLF, I. xv. 

.-. the Z KLF= the Z LMH. Ax. 1. 

To each add the Z FLM. 

:. the Z s KLF, FLM = the Z s FLM, LMH. Ax. 2. 

And the Z s KLF, FLM together = 2 rt. Z s; I. xin. 

.-. the Z s FLM, LMH together = 2 rt. Z s. Ax. 1. 

Wherefore if a straight line i:c. Q. E. D. 



kBECTION II. 1 



PltOPUWlTION XXIX. 



KEFEKENCEB. 
Ai. 1. Thinys which are equal to the aame thing are equal to one auotliec. 
As. 2. It equals be added to equals the wholes are equal. 
Ax. 4. If equals be added to unequals the wholes aie uuequal. 
Ax. 12. If a atraight line meet two straight lines, so as to make the two 
iterior angles on the some aide of it taken together leaa than two right an^iles, 
aess Btra^ht Unea, being continually produced, shall at length meet on that 
ide on which are the angles which are less than two right angles. 

The angles which one straight line makes with another straight line 
le of it, either are two right angles, or are together equal to two right 

I, sv. If two straight liuea cut oue another, the vertical, opposite angles shall 
Who equal. 

EXERCISES, 
Tlirougli the same point there caiiiitit ije two parallels to the 

If a straight line cut otie of two parallels, it will out the other. 
Any two adjacent angles of a parallelogram cannot be together 
leas than, two right angles. 

4. The straight line which ia perpendicular to one of two parallel 
stiuight lines is also perpendicular to the other. 

If a parallelograiB has two adjacent angles equal, it is a rectangle. 
Any straight line parallel to the base of an iaoscelea triangle ia 
[ually inclined to the sides. 

' is drawn parallel to QJi, one of the sides of an equilateral 
,ngle FQS ; prove that J'ST is an equilateral triangle. 

e straight line drawn through the vertex of an isosceles 
iriangle parallel to the base biaecta the exterior angle at the vertex. 

If the straight line drawn through the vertex of a triangle 
■llel to the base bisects the exterior angle at the vertex, the triangle 
:u isosceles. 

A quadrilateral A BCD baa the side fiC parallel to AD and 
equal to AB ■ prove that AC bisects the angle HAD, 

11. If two sti-aight lines AB, CD are respectively perpendicular to 
.Wo parallel stralghc lines £F, GH, prove that AB ia parallel to CD. 

Bisect the sides AB, AG of the triangle ABC at tlie points 
E, from which draw perpendiculars to AB, AC reapectiveiy ; these 
irpendiculara shall meet 

Let D, E, Fhe the middle points of the aides BG, CA, AB of 

le triangle ABC ; from D, E draw DG, EG at right angles to BC, CA, 

id meeting at G ; prove that GF is perpendicular to AB. This Is 

lUuaUy get as follows ; The straight lines drawn at right angles to the 

aides of a triangle through the middle points of the aides are concurrent 

(i.e. meet in the same point). 

14. If OM, ON bo respectively parallel to QP, QR, the angles 
JfOy, PQR are cither equal or supplementary. 
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PROPOSITION XXX. THEOREM. 

Straight lines which are parallel to the same straight line cf^re 
parallel to each other. 

Let KL, MN be each of them i| to -45. 
KL shall be II to MK 



K 






V 


L 


A 




V 


/ 


B 


M 


R/ 


/ 




N 



Let the st. line PQR cut KL, AB, MN in the points 

Then, •.' KL is || to AB, and PQR cuts them, 

the Z KPQ = the alternate Z PQB. 1. xxix. 

Again, *.• AB is || to MN, and PQR cuts them, 
the extr. Z PQB = the intr. and opposite Z QRN I. xxix. 

And it was shewn that the Z PQB = the Z iTPQ ; 

/. the Z JSTPii = the Z PPiV^; ^a:. 1 . 

and they are alternate Z s; 

.-. KL is II to MN. I. XXVII. 

Wherefore straight lines <Scc. Q. E. D. 



FsELrriON il] 



PHoi'Osrnos xxx. 



KEFERENCE3. 



I. 1. Thinga whicL are equal to the se 
xivii. If a strdKht line falling oi 
alternate angles eqoal lo one another, the U 
another. 

I. ixiz. If a straight line fall on two parallel straight lines, it makes the alter- 
cate BDgles equal to one another, and the exterior anelo equal to the interior and 
opposite angle on the sama Bide ; and also the two interior anglea 
. together equal to tno right angles. 



e thing are equal to one another, 
two other straight lines, make the 
straight lines shall be parallel to one 






EXERCISES. 



Give the demonstration of tMs propoaitioi 
. the same side of A B. 



when KL and MN 



I 



2. Two straight lines AB, AC are each of them parallel to another 
■straight line MN ; prove that they are in one and the eame straight 

Two parallelograms have a common side; prove that the sides 
lopposite to this common side are parallel to each other. 

If two adjacent sides of a parallelogram be pai-allel respectively 
ito two adjacent sides of another parallelogram, the other sides shall also 
lie parallel, each to each. 

MOIf is any angle, and at the points M, N ai-e made outside 
the angle MON the two angles OMP, ONQ, such that their sum is 
equal to the angle MON. Prove that MP i.i parallel to NQ. 

HON is any angle, and at the points M, N are made, one 
outside the angle MON and the other inside it, the two angles OMP, 
OSQ such that their difference is equal to the angle MON. Prove 
that MP and NQ are parallel. 

AB and CD are parallel straight lines, P any point in AB, and 
<Q any point in CD ; PQ is joined and bisected in R. All straight lines 
drawn through R and terminated by the parallels shall be bisected 

iD.R. 

Two straight lines passing through a point equidistant from two 
parallel straight lines shall intercept equal portions of these parallels. 

9. If two straight lines A and B are respectively parallel to two 
other lines C and D, the bisectors of the angles at the intersection of A 
and B will form with the bisectors of the angles at the intersection of C 
and D a right-angled parallel ogmm. 

10. If one of the equal sides of an isosceles triangle be bisected at 
D and also be doubled by being produced through the extremity of thw 
liase to E, then the distance of the other extremity of the base from E 
is double its distance from D. 
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PROPOSITION XXXI. PROBLEM. 



To draw a straight line through a given point parallel to a given 
straight line. 

Let P be the given point, and AB the given st. line. 
It is required to draw a st. line through P parallel \jo AB. 




In AB take any point C, and join PC ; Post, 1. 

at the point P in the st. line PC, make the Z.GPX 
equal to the zPGB, on the side of PG opposite to CB; I, xxin. 

produce the st. line XP to F. Post 2. 

XY shall be || to AB. 
•.• the st. line PC, meeting the two st. lines AB, XY, 
makes the alternate Z s XP C, PGB = one another, Gonstr, 

XY is II to AB, I. xxvn. 

Wherefore the st line X Y is drawn through P, parallel 
to the given st line AB, Q. E. F. 



PROPOSITION xsxr. 



HEPERENCES. 

Post. I. Let it he grantud tlmt a, straight line 1003 be drawn from aoy oae poiiit 
to an; other point. 

Pont. 3. Let it be granted that a terminated straight line may be prodticed to 
an; length in a straight line. 

I. SHU. At a given point in a giTBD fltraight line, to make a reotilinenJ angle 
eqnal to a given rectilineal angle. 

I. xxvii. If a straight line falling on two other straight lines, make the alter- 
nate angles equal to one another, the two atraight lines shall be parallel tu one 
another. 



EXERCISES. 

1. PQJt is an isosceles tn'augle haviug PQ equu,! to PS. Through 
any point S in QB draw ST meeting PJt in T, so that TSR may be au 
isosceles triangle. 

2. If ACB, ACD be adjacent angles, any parallel to BD meets the 
bisectors of the angles ACB, ACD at points eqiiidiataQt from the point 
at which it intersects AC. 

3. Through a given |H)int draw a straight line making with a given 
straight line an angle equal to a given angle. 

4. Given the altitude atid the base angles of a triangle, construct it. 

5. Construct a parallelogram, having given two adjacent sides and 
a diagonal. 

6. Construct a rhombus having two opposite aides in two givea 
parallel straight lines. 

7. Through the angular points of a triangle draw parallels to the 
sides and sliew that the tiiatigle thus formed has its angles respectively 
equal to those of the given triangla 

8. OX, OF are two straight lines interseoting at 0, and P is any point 
within the angle XOY. Draw a straight line QPli, which shall meet 
OX, OY&i Q and E, and be bisected at P. If XOY be a riglit angle, 
and OP be 3 inches long, what is the length of Qli % 



9. Construct a triajigle with a given perimeter, and equiangular to 
a given triangle. 

10. Describe an equilateral triangle of given perimeter, 

11. Trisect a given finite straight line. 

12. Construct a right-angled triangle, having given the perimeter 
and an acute angle. 

13. Construct an isosceles right-angled triangle of given perimeter. 

14. MN is the hypotenuse of a right-angled triangle MON ; find a 
point P in MN such that PN may be equal to the perpendicular from 
PonMO. 
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PROPOSITION XXXIL THEOREM. 

If a side of any triangle he produced^ the exterior angle is eqtml 
to the two interior and opposite angles; and the three interior 
angles of every triangle are together equal to two right angles. 

Let CDE be a A, and let one of its sides DE be produced to F. 

The extr. Z CEF shall = the two intr. and opposite Z s ECD, CDE ; 

and the 3 intr. Zs DEC, ECD, CDE shall = 2 rt. Z s. 




Through E draw EG parallel to DC. I. xxxi. 

Then •/ EO is i| to DC, and CE falls on them, 

the Z CEG = the alternate Z ECD. I. xxix. 

Again / EG is \\ to DC, and DEFMh on them, 
the extr. Z OEF= the intr. and opposite Z CDE. I. x:^ix. 
But it was shewn that the Z CEG = the Z ECD ; 
.'. the whole extr. Z(7J?i^=the two intr. and opposite 
Z s ECD, CDE. Ax. 2. 

To each of these equals add the Z DEC. 

.'. the Z s DEC, CEF = the 3 Z s DEC, ECD, CDE. Ax. 2. 
But the Z s DEC, CEF = 2 rt. Z s. I. xiii. 

.-. the Z s DEC, ECD, CDE =2 rt Z s. Ax. 1. 

Wherefore if a side of any triangle &c. Q. E. D. 
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PROPOSITION XXXII. 

REFERENCES. 



Ax. 1. Things which are equal to the same thing are ennal to one another. 
Ax. 3. If equals be added to equals the wholes are equal. 

I. Itil. The angles which one straight liue makes with aoather strai^t line 
on one Bide of it. either are two right anglee, or are together sqoal to two right 

I. x>ii. If a atiaight line fall on two parallel straight lines, it makes the alter- 
nate QUgles equal to one another, and the exterior angle eqnal to the interior and 
opposite angle on the same aldo ; and also the two interior angles on the same aide 
together equal to two right angles. 

I. ixxi. To draw a straight Hue throngh a given point pamllel to a given 
straight line. 

EXERCISES. 

1. Ally two angles of an acute-angled triangle are greater than the 
third. 

2. If an angle of a triangle be greater than the sum of thts other 
two, it is obtuse. 

3. Each of the angles at the base of an isosceles triangle is half of 
the exterior angle at the vertex. 

4. CD ia drawn perpendicular to AJl in the triangle ABC ; prove 
that the difference of the angles BCA, DOB ia eqnal to tbe difierenoe of 
the angles CRA, BAC. 

5. ABC is a triangle; from A are drawn AD, AE, making the 
angles BAD, CAE respectively equal to the angles ACB, ACE, and 
meeting BC at D, E : prove that ADE is an isoseelea triangle. 

6. The angle between the bisector of one of the base angles of a 
triangle and the biseotor of the exterior angle adjacent to the other base 
angle is equal to half the vertical angle of the triangle. 

7. If one angle of a triangle bs three times another angle, shew 
that the triangle can be divided into two iaosceleB triangles 

8. The angle BAC of the triangle ABC is bisected by AD meeting 
BCinD; if DC m equal to DA, prove that the angle BDA is double of 
the angle BAD. 

9. ABC is an isoseelea triangle having the angle at B four times 
each of the other angles ; AB is produced to D such that BD is equal to 
twice AB, and CD is joined. Sliew that the triangles ACD, ABC are 
equiangular to one another. 

10. BC is the greatest aide of the triangle ABC, and CD ia cut off 
from it equal to CA, and AD is joined. Prove that the difference of 
the angles into which the angle CAB is divided by AD \s equal to the 
angle ABC. 

11. ABC is a triangle, and from A, B, C are drawn AD, BE, CF, 
making the angles 5ii>, C'fi^, ..4C/' equal to one another. Ji AD, BE, 
CF do not meet in a point, prove that they form a triangle, the angles 
of which are respectively equal to those of the triangle ABC. 

12. ABC is a right-angled triangle and CD ia drawn perpendicular 
to AB from the right angle C. From BA cut off BC equal to BC, and 
prove that GC bisects the angle DC A. 

13. If one of the equal sides of an isosceles triaogle be bisected at 
D and also be doubled by being produced through the extremity of the 
laae to B, then the distance of the other extremity of the base from E 
IB double its distiiuuc fnim D. 
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EXERUISES {continued). 

14. If two angles of a ti-iangls are equiil i-uHpeatively to two aogles 
of another triangle, the third angles of the triauglea are equal. 

15. What part ofa right angle is an angle of au equilateral trianglel 
IC. Trisect (i) a right angle ; (ii) half a right angle ; (iii) one-fourth 

of ft right angle ; (iv) two right angles. 

17. If one of the acule angles of a right-angled triangle he one- 
third of a right angle, prove that it ia one-half <if the other acute angle. 

18. The angles of a triangle are to one actocher as 1 : 2 : 3. 
Prove that the triangle is right-angled. 

1 9. The blaeetora of two angles of a triangle contain an obtuse angle. 

20. In a riglit'augled triangle, if a perpendicular be drawn from 
the right angle to the hypotenuiie, the triangles on each side of it are 
equiangular to the whole triuigle and to one another 



21, If A, B, C he the angles of a 



^ngle. 



^B B + a C + A 



will be the angles of a triangle formed by any side and the bisectora of 
the exterior angles between that side and the other aides produced. 

22. The interior angles of any qimdrilateral are together equal to 
four right angles. 

23. If the opposite angles of a four-sided figure be equal, the figure 
is a parallelogram. 

24. Describe a rhombus having one angle double of another. 

35. From the extremities of the haae of an isosceles triangle 
are drawn perpendiculars to the sides ; prove that the angles mada 
by them with the base are each equal to half the vertical angle. 

26. On tjie sides of a triaTigle ABC are described equilateral tri- 
angles AFB, BDC, CEA, all external ; prove that AD, BE, CF a.rB equal 

27. ACB ia a right-angled triangle; on the hypotenuse ^S are taken 
-4Z> equal to JC, and 55" equal to 5Cj shewthat^CJishalf aright angle. 

28. ABC is an equilateral triangle, and BC is produced both ways 
to D and H so that £D and C£ are each equal to BC. Join AB, AE, 
and draw CFG at right angles to DE meeting AE at F and BA 
produced at G. Prove that AFG is an equilateral triangle. 

29. ABC is an equilateral triangle; through A, B and C draw 
lines at right angles to AC, BA, CB respectively; prove that theao 
lines form another equilateral triangle. 

30. S, E and W start from the same spot, S going south at half 
the pace of each of the others, whose directions on opposite sides make 
with the course of S angles each equal to two-thirds of a right angle. 
Shew that the line joining W, S and E at any momHut is a straight 
line running direct east and west. 

31. Two straight lines which intersect at P are respectively per- 
pendicular to two straight lines which intersect at Q ; shew that the 
incKnation of the first two lines is equal to that of the others. 

32. D and E are the middle points of the sides AB, AC of the 
triangle ABC; CD and BE are produced to i^ and (7 bo that DFi^ 
equal to DC, and EG to BE. FAG shftll be a straight lino. 
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PROPOSITION xxxir. 



EXERCISES (continv.d). 

33. Tlie fluglo contained by the bisector of the vertical anj^le of 
any triangle and the perpendicular from the vertex on the base, is eqnal 
to half the ilifference of the base angles. 

34. ABB, CED are two straight lines intersecting at E \ straight 
lines JC, DB are drawn forming two triangles ACE, BED; CF, BF ■ 
bisect the angles ACE, DEE. Shew that the angle CFB is half the 
sum of the angles EAC, EDB. 



35. The median from the vertex of a triangle is greater than, equal 
to, or less than half the base, according as the vertical angle ia acute, 
right, or obtuse. 

[Tide Es. 19, Prop, ixtii. AF. and BC beinR parallel, the angle BAE is obtuse, 
right, or acate, according as the angle AUG ia acute, right, at obtiue ; and the 
rcBiiIt readily follows from Props, miv. and it.] 

36. If DE, DF be the equal sides of an isosceles triangle, and ED 
be produced to (? so that DG ia equal to DE ; EFG is a right angle. 

37. Draw a straiglit line at right angles to a given straight line 
from its extremity without producing the given line. 

38. In the triangle PQli, PQ is equal to PR ; QM is drawn at right 
angles to l2^ to meet UP pi'oduced in M ; shew thatP.lf ia equal to PR. 

39. If a triangle has one angle equal to the sum of the other two, 
it is right-angled, and can be divided into two isosceles triangles. 

40. From D the middle point oF AB, DC is drawn in any direction 
and equal to AD ; prove that ACB is a right angle. 

41. From B, the right angle of the triangle ABC, BD is drawn 
meeting the hypotenuse in D \ shew that if DA is equal to DB, then 
DC ia also equal to DB. 

42. ABC ia a triangle; AD is perpendicular to BC, and AB, AC 
are bisected in .ff, F \ shew that the angle -ffZ)/" is eqnal to the angle 5^C. 

43. ABC is a triangle; BD, CE are perpendiculars on the sides 
AC, AB, produced if necessaiy ; from G, the middle point of BC, GF is 
drawn perpendicular to DE. Prove that EFia eqnal to FD. 

44. AD, BC are two parallel straight lines, cut obliquely hy AB 
and perpendicularly by AC ; BED ia di-awn cutting AC in E and AD 
in D such that ED ia equal to twice BA. Prove that the angle DBC is 
one-third the angle ABC. 

45. On the hypotenuse BC of a right-angled triangle ABC is 
described extemaUy an isosceles right-angled triangle BCD ; prove that 
AD bisects the angle BAC. 

46. Prove that the point of intersection of the diagonals of a square 
described on the hypotenuse of a right-angled triangle is equidistant 
from the two sides containing the right angle. 
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Corollary 1 . All the interior angles of any rectilineal figure, 
together with four riffht angles, are equal to twice as many right 
angles as the figure has sides. 




For any rectilineal figure DEFGH can be divided into as many 
As as the figure has sides, by drawing st. lines from a point 
within the figure to each of its angles. 

Then, •.* the intr. Z s of a A= 2 rt. Z s, 
all the Z s of the A s = twice as many rt. Z s as there are A s 

= twice as many rt. Z s as the figure has sides. 
Again, all the Z s of the As = the intr. Z s of the figure, to- 
gether with the Z s at 0, which is the common vertex of the A s ,q ^ 
= the intr. Z s of the figure, together with 4 rt. Z s. j, * * 
.'. the intr. Z s of the figure, together with 4 rt. Z s. ^* 

= twice as many rt. Z s as the figure has sides. Ax. 1. 

Corollary 2. All the exterior angles of any rectilineal figure, 
made by producing the sides successively in the same direction, 
are together equal to four right angles. 




•.• every intr. Z EFG, with its adjacent extr. Z EFH * 2 rt. Z i, I. XIIL 
/. all the intr. Z s, with all the extr. Z s = twice ail many 
rt. Z s as the figure has sides. 

But the intr. Z s, with 4 rt. Z s = twice as many rt. Z s as 
the figure has siifes^ Cor. 1. 

.•.theiiitr.Zs,withalltheextr.Zs*=theintT. Z8,with4rt.Zs; Ax.l. 

.-. all the extr. Z s s^ 4 rt. Z s. Ax. 3. 

This corollary is true only when the figure is convex. 
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PROPOSITION XXXIl. 



REFERENCES. 

Ax. I. Things wliich are e(iaal to the Bame thing ore equal to one another. 
As. S. U equals be taken from eqnala the rsnuuDders are equal. 
I. XIII. The angles which one straight line makes with another Btiaight line 
a one side of it, either are two right anglea, or are together equal to two right 



EXERCISES. 
4". A convex polygon cannot hciTe more than three of its intuvior 
angles acute. 

48. To how many right angles are the interior angles of an. 
irregular octagon equal 1 

49. By how much does the angle of a regular nonagon exceed a 
right angle t 

50. The angle of a regnlar decagon ia four thiitls the angle of a 
regular pentagon. 

51. For the floor of a church I am recommended three tOes : — a 
square, a regular hexagon, and a I'egular dodecagon. WOl the angles 
fit) Will equilateral triangles and i'egular hexagona do for the purpose) 

52. What ia the polygon each of whose angles is ; 

(i) ten-sevenths of a right angle ; (ii) eighteen-eleventh a of a right 
angle 7 

53. Two regular polygons of the same number of sides are eqiml in 
all respects, if a side of one is equal to a side of the other. 

54. The alternate sides of a polygon are produced to meet ; shew 
that the angles at their points of intersection, together with four right 
angles, are equal to aU the interior angles of the ^Njlygon. 

55. If the sides of a regular hexagon be produced to meet, the 
angles at the points of meeting are together equal to four right angles. 



56. Each of the exterior an^es of a regular polygon ia half a right 
angle ; shew that the polygon is an octagon'. 

67. Each of the exterior angles of a regular polygon is equal to half 
one of the angles of an equilateral triangle ; how many sides haa the 
polygon 1 

56. The sum of the exterior angles of a polygon is equal tohalf th« 
sum of the interior angles. What is the polygon ! 

59. A convex polygon cannot have more than three obtuse exterior 
angles. 

60. The bisectors of the exterior anglflB of a qnadrilateral form 
another quadrilateral, the sum of each pftir of opposite angles of which 
is equal to two right angles. 

61. If the sides of a heptagon bo produced both ways, the alternate 
sides meeting and forming a atarlike figure, shew that the angles at the 
points of the star are together equal to six right angles. 
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PROPOSITION XXXIII. THEOREM. 

The straight lines which join the eostremities of two equal and 
parallel straight lines towards the same parts, are also themselves 
equal and parallel. 

Let KHy FO be equal and parallel st. lines, and let them be 
joined towards the same parts by the st. lines, KF, EG, 

KF, HO shall be equal and parallel 




Join HF. Post 2. 

•.* KH is II to FO, and HF meets them. Hyp. 

the Z KHF- the alternate Z HFO. I. XXix. 

Then .• KH= FO, Hyp. 

and HF is common to the two As KHF, GFH; 
the 2 sides KH, HF = the 2 sides OF, FH, each to each, 
and the Z KHF was shewn = the Z HFO ; 

.•. the base KF= the base OH, I. iv. 

and the A KHF = the A OFH, 
and the other Z s = the other Z s, each to each, to which 
the equal sides are opposite ; 

.-.the ZJS:Zff=the ZFHO. 
And •/ the st. line HF meets the two st. lines FK, HO, 
and makes the alternate Z s KFH, FHO equal to one 
another, 

KF\^\\ to HO) I. xxvn. 

and KF has been shewn ^HG. 
Wherefore the straight lines &c. Q. E. d. 
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PROPOSITION XXXIII. 
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REFEBENCES. 

Post. S. Let it be granted that a terminated straiglit line may be praduoed to 
an; length in a straight line. 

I. IV. If two triangles have two sides of the one equal to two eiSee of the other, 
each to each, and have also the angles contained by thoee eides equal to one 
anotheTj they shall also have their bases equal ; and the two triangles Hhall be equal, 
and their other angles shall be aqnal, eooh to each, namely those to whiah the equal 
sides are opposite. 

I. xxTiT. If a straight line faUing on two other straifiht lines, malie the alternate 
angles equal to one another, the two straight lines shall be parallel to one another, 

I. xsix. If a straight line Fall on two parallel straight lines, it makes the alter- 
nate angles eqtml to one another, and the exterior angle equal to the interior and 
opposite angle on the same aide ; and also the two interior angles on the sams side 
together eqnal to two right angles. 



EXERCISES. 



1, The straight Hue joining the bisections of two opposite sidps of a 
rhombus is parallel to the other sides. 

2. The straight lines joining the extremities of two unequal parallel 
straight lines towards the same parts wUl meet if produced on the side 
of the eliorter parallel. 

The straight lines which join the extremities of two equal and 
parallel straight lines, but not towards the same parts, bisect each other. 
4. The extremities of two equal and parallel straight lines AB, CD 
are joined; prove that, if £C be greater than AD, the angle BDO is 
obtuse, and that the bisectors of tho angles ABD, BDC are at right 
angles. 

Triangles and pai-allelograms between the same parallels have 
the same altitude ; and triangles and paraUelograms of the same altitude 
may be placed between the same parallels. 

ABEF, EBCD are two parallelograms on opposite sides of a 
)n base EB; join AC and FD, and prove that AODF is a ]mrallelo- 
gram. 

7. AB^ CD, EF are three equal and parallel sti-aight lines. Prove 
that the triangles ACE, BDF, formed by joining their extremities 
towards the same parts, are equal in alt respects. 

If two straight lines MN, NO be respectively equal and parallel 
[ to the two straight lines FQ, QR, prove that MO is equal und parallel to 
I PK. 

A, B, C are the centi-es of three equal circles intersecting at one 
' point 0. The circles, whoso centres are A, C, also intersect at P, ami 
. the circles, whose centres are B, C, at Q. Prove that APQB is a 
parallelogram. 

10. AB, CD are two equal and ]>araUel straight lines. From A and 
B are drawn two straight lines parallel to each other, and on these ai-e 
let fall perpendiculars from C and D ; prove that the perpendiculara ai'e 

111. In a straight line AD are taken four points A, B, C, D, sucli 
that AB is equal to CD. From B and D are drawn two equal straight 
lines BE, DFal right angles to AD. Pi-ove that ACFE is a parallelo- 
gram. 
A. E. 7 



I 
I 
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PROPOSITION XXXIV. THEOREM. 

The opposite sides and angles of a parallelogram are equal to 
one another, and the diameter bisects the parqilelogram, that is, 
divides it into two equal parts. 

Let OHKL be a llgram, of which OK is a diameter. 

The opposite sides and Z s of the figure shall = one another ; 
and the diameter OK shall bisect it. 




•.• LK is II to OH, and OK meets them, 

the Z LKO = the alternate Z KGH. I. xxix. 

and *.• LO is || to KH, and OK meets them, 

the ZLGK= the alternate Z OKH. I. xxix. 

.-. in the two As LKO, HOK, 
the 2 Z s LKG, KOL in the one = the 2 Z s HOK, GKH 
in the other, each to each, 

and the side KG, adjacent to their equal Z s, is common to 
the two As; 

.*. their other sides are equal, each to each, and the third Z 
of the one to the third Z of the other, I. XXVI. 

namely, the side LK to the side OH, and LO to KH, and 
the Z KLO to the Z OHK. 

And •.• the Z LKG = the Z HGK, 
and the Z GKH= the Z KGL ; 

.-. the whole Z LKH = the whole Z HGL ; Ax. 2. 

and the Z KLG has been shewn = the Z GHK. 
:. the opposite sides and Z s of a || gram = one another. 

Also the diameter bisects the || gram. 

For,\-iJK*= HO, and OKi^ common to the two A s i KO, HOK, 

the 2 sides LK, KO = the 2 sides HG, OK, each to each, 

and the Z LKG has been shewn = the Z HOK ; 

.-. the l^LKO = the AHGK, I. iv. 

and the diameter OK divides the || gram OHKL into two 
equal parts. 

Wherefore the opposite sides &c. Q. E. D. 



SECTION II.] PROPOSITION XXXIV. 99 

HEFEBENCEB. 

Ax. a. If eiiUttU te added to eqnals the wholes are equal. 

L tv. If tno trianglGS have two Kidcs o! the one equal to two sldE^a of the other, 
each to each, and have also the angles eoDtaaned by those aides equal to one 
BDothsr, (hey shaU also have their ba?en equal ; and the two triangles shall be 
equal, and their other angles shall be equal, each to each, namelj those to which 
the equal sidea are opjioait?. 

I. nvi. If two tiiangles have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side, namely, either the sidsH 
adjacent to the equal augles, or sides which are opposite to equal angles in each, 
then shall the other sides be equal, each to each, and also the third angle of the one 
equal to the third angle of the other. 

I. xxK. If a atraighC line fall on two parallel straiRht lines, it makes the alter- 
nate angles equal to one another, and the exterior angle ei^ual to the interior and 
opposite angle on the same side ; and also the two interior angles on the same side 
together equal to two right angles. 

EXERCISES. 

1. The diagonals of a rectangle are eqnal. Also prove the converse. 

2. If a parallelogram Las two sides about one of its angles equal, it 
IE a rhombus. 

3. If P, Q, H, S are the midtlle points of the sides of a rectangle, 
PQBS is a rhomhuB. 

4. If two sides of a quadrilatei-al be parallel and unequal, and tlie 
other two sidefl equal but not parallel, its opposite angles aresupplenientHry. 

5. The perimeter of the jmrallelogram formed by drawing parallels 
to two sides of an equilateral triangle from any point in the base is 
double a side of the triangle. 

6. The perpendiculars drawn frona any point in the base of an 
isosceles triangle to the equal sides are together equsl to the perpendi- 
cular from one extremity of the liase to the opposite side. 

7. ABCD is a parallelogram ; from A ia drawn a line AE cutting 
BC. Prove that the distance of C from this line is equal to the 
ditierenoe of the distances of B and D. 

8. The bisectora of the acute angles, CAB, ABC, of a right-angled 
triangle ABC, meet at ■ OP, OQ ai-e perpendiculai-s on AC, CB. 
Prove that OPCQ is a square. 

The straight line drawn through the middle point of one side of 
a triangle parallel to a second side bisects the third side. 

" ~ The angle B of the triangle ABO ia bisected by BD to which a 
perpendicular AD is drawn ironi A ; DE is drawn parallel to BC 
meeting AC in E. Prove that AE is equal to EC, and that DE is half 
the difference between AB and BC. 

If in the diagonal of a parallelogram any two points equidistant 
from its extremities be taken and joined with the opposite angles, a 
parallelogram will be formed. 

12. ABCD is a quadrilateral having the sides AD, BC parallel; AF 
ia drawn parallel to DC meeting BC at F, and DE parallel to AB 

I meeting BC at E. Prove that the triangles ABF, DEC are equal in all 
respects. 
13. Place a straight line of given length between two straight lines , 
which meet, so that it shall be equally inclined to them. 
14. Drew a line terminated by two given straight lines, such that 
it shall be equal to one and parallel to another given utraight line. 
1— n. 
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To divide « straight line into any number of equal parta. 

1. ABCD is a paraUelogram ; B, F are the middle pointG at A. 
BC respectively; prove that fi£ and Cf triBcct the diagonal AC. 

2. AE and CG are equal parallel straight liiiea ; produce them, and 
on the parts produced take EF, FB, each equal to AE, and GH, HD, 
each equal to CG; join BC, and draw the atraight lines AG, EH, FD, 
cutting CB at K, L and M respectively. Shew that CB is divided into 
four equal parta at K, L and M. Also shew how the method may be 
employed to divide a etraiglit line into any given number of equal 

3. Let AB, AC be two straight lines meeting at A; on AB 
produced take BD, DE, each equal to AB ; join EC, and through B and 
D draw BF, DO parallel to EC and meeting AC in i'and G. Shew 
that AC ia trisected in F and G. Also prove that BF is one-third, and 
DG two-thirds of .ffC. 

4. Employ the method of the last deduction to divide a given 
straight line into five equal parts. 

5. C is the middle point of AB ; AD, CF, BE s.re drawn perpen- 
dicular to AB, on the same side of it; on AD are taken ten equal distances 

Ad^, d^d^, dd^, d^D ; through the points of section d^, d^ are 

drawn parallels to AB, cutting CF and BE; CD is joined, and the 
parallel through rf, meets CD in ff and BE iii E. If AB ia 20 inches, 
what is the length of GH'i 11 AB is 2 feet, indicate by thick lines 
lengths of '9 and 1'3 feel. 

This ebevB the method ot maklns diaBoneJ Bcales. 



MISOELLANEOUS EXERCISES. 



4 



1. No straight line can be placed in a parallelogram greater than 
the greater diameter. 

2. Through G, a point outside the triangle ABC, GE ia drawn 
parallel to AC and GD parallel to BC ; through A and B are drawn 
AE, BD parallel to CG meeting GE and GD respectively in E and D. 
Pi-ove that the triangle DEG ia identically equal to the triangle ABC. 

3. If the straight line joining two opposite angles of a parallelogram 
bisect the angles, the parallelogram ia equilateral. 

4. C is the middle point of the line AB ; prove that the sum of the 
perpendiculars from A and B on any line which does not interaeot the 
Unite line AB is double of the perpendicular from C on the same line. 
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5. From the angles of any parallelogram draw perjiendicLilars to 
any straight line outside the parallelogram, and shew that the sum of 
those from one pair of opposite angles is equal to the sum of those from 
the other pair of opposite angles. 

6. There are seats at regular intervals on both sides of a straight 
avenue. Sitting on one of these I heard the crie^ of a child in a 
perambulator some distance off in a direct liue with the last seat on the 
other side, 1 walked in that direction on my own side and on reaching 
the next seat observed the child still crying in a line with the nurse- 
maid who was occupying the last seat but one on the other side. Shew 
that the perambulator was in the middle of the avenue. 

7. Find points D and E in the equal aides AB, AC of an isosceles 
triangle, such that BD, DE, EG are equal to one another. 

8. If a straight line joining the extremities of two Rtraight lines 
which are equal, but not parallel, make the angles on one side of it equal 
to one another, it will be parallel to the straight liue joining the other 
extremities. 

9. From the extremities A and B of the straight line AB as centres 
and with radius AB circles are described intei'secting iu C and D ; CA 
and CB are produced to meet the circles in E and F; prove that the 
straight line EF passes throiigh D. 

10. In the figure of Prop. I. the given line is produced to meet 
either of the cirelea in P; shew that P and the points of intersection of 
circles are the angular points of an equilateral triangle. 

11. ABC is a triangle having B a right angle, and the angle A is 
double of the angle G ; BD is drawn perpendicular to AG, and BE is 
drawn to E the middle point of AC ; shew that the angle DBE is equal 
to the angle ACB. 

12. Prove that, on a giant stride, if the hands are kept at the 
same distance from the ground, they describe a circle. 

13. ABC is an isosceles triangle having AB equal to AC ; P is any 
point in AG, and PQB is drawn meeting BC in Q and AB produced in 
£, and such that -fQ is equal to §^. Prove that the sura of JPand ,d,S 
is equal to the sum of AB and AC. 

14. ABC is an isosceles triangle whose equal sides are AB, AC; 
PQ is a straight Hue cutting the equal sides in P, Q, so that the sum of 
AP and AQ is equal to the sum of the equal sides: prove that PQ is 
greater than BC. 

16. If the opposite sides of a hexagon be equal and parallel, its 
diagonals are concurrent. 

16. Two straight lines which intersect at right angles and are 
terminated by the opposite sides of a square are equal to one another. 

17. If the areas of two equilateral triangles be equal, their sides are 

18. The perpendiculars from the vertices of a triangle on the opposite 
sides are concurrent, 

[Draw parallels to the opposite Bides throngli iha vertices, whioh prove to he the 
middle points of the sides at the triangle thus formed, and use Ex. IS, Prop, XXIX.] 

19. AD, AE are squares on the sides AB. AC of a triangle ABC, 
and DF, EG are perpondiculurs on the base BC produced. Prove that 
BF, EG are together equal to BC. 



SECTION III. 



PROPOSITION XXXV. THEOREM. 

ParaUehgrams on ike same hose, and between the same parallels, 
are equal to one another. 

Let the llgrams MHKL, PHKN be on the same base HK, and 
between the same parallels MN, HK. 

The llgram MHKL shall = the Hgram PHKK 

If the sides ML, LN of the [Igrams MHKL, LHKN, opposite 
to the base HK, be terminated at the same point L\ 




each of the ||grams is double of the ALHK; I. xxxiv. 

and /. the llgram MHKL = the Ijgram LHKK Ax. 6. 

But if the sides ML, PN of the llgrams MHKL, PHKN, 
opposite to the base HK, be not terminated in the same 
point; 





I. XXXIV. 

Ax.l. 



K H 

then, •.• MHKL is a llgram, 
ML^HK. 
Similarly, Piyr=i?£'; 

:.PN=ML) 

.'. the whole, or the remainder, LN= the whole, or the 
remainder, MP; Ax. 2, 3. 

and LK= MH; I. xxxiv. 

/. the 2 sides NL, LK=ihe 2 sides PMy MH, each to each; 
and the extr. Z NLK = the intr. and opposite Z PMH; I. xxix. 

/. the A NLK= the A PMH. L IV. 

From the trapezium MHKN take the A NLK; 
and again, from the same trapezium MHKN take the 
APMH; 

and the remainders are equal ; Ax. 3. 

that is, the llgram MHKL = the llgram PHKN. 
Wherefore parallelograms on the same base <&c. Q. E. D. 

The word ''equal '' means equal in area, and is no longer restricted to mean 
coincidence in form. The parallelograms MHKL, PHKN are equal in area bat, 
// thejr were applied one to the other, fheii \>o\uidL»iX\i&^ '«o\]\^ iinX Tifi»e«8arily 
coincide. 



SECTION in.] 



PROPOSITION XXSV. 



BEFERENGES. 

Az. 1. Things wbicli are equal to the name thine ^^ equal to one onotlier. 

Ax. 2. If equals be added to cijuals the vrholea are eqnal. 

Ax. 3. If equals be taken &»ni eqoalB the ramaindera are equal. 

Ax. 6. Things which are double of the same thing are equal to one another. 

T. IV. If two trianglcH have two Bides of the one equal to two sidea of the other, 
each to each, and have also the angles contaiced by those sides equal to one another, 
the; shaR aJso have their hones equal ; and tbe two triangles ahaR be eqnal, and 
their other angles BbaR be equal, each to each, namely those to which the equal 
sides are opposite. 

I. rxlji. It a straight line fall on two paraRel straight lines, it makes the 
alternate angles equal to one another, and the eiterior angle equal to the interior 
and opposite angle on the same side ; and also the two interior angles on the same 
side together equal to two right angles. 

I. ixxiv. Tbe opposite sides and angles of a paraRelogram are equal to one 
another, and tbe diameter bisects tbe parallelogram. 



EXERCISES. 



1. Prove tbe 



a the SI 



3 base, and oa tlie same b 



3 of 



2. Of two pai-allelograma on the same base, and on the same side 
of it, that is the greater of which the altitude is the greater. 

3. Describe a parallel ogram equal to a given parallelogi'am, aad 
taving aa angle equal to a given angle. 

4. On either diagonal of a square construct a rhombus equal in 
area to the square. 

5. Prove that a square has a greater area than a rhombus of the 
same perimeter. 

6. AB and SCF are two parallel straight lines. Through B are 
drawn BC, BD paraUel respectively to AE, AF, meeting EOF ia C and 
1). Prove that the triangle BFD is equal to the triangle ABC. 

7. If through each vertex of a triangle a straight line be drawn 
parallel to the opposite aide, the triangle thus formed will have three 
equal parallelograms inscribed in it, and its area will be foiu" times that 
of the original triangle. 

8. The area of a quadrilateral is equal to the area of a triangle 
having two Hides equal to the diagonals, and the contained angle equal 
to that between tbe diagonals. 

9. Prove that the area, of a parallelogram ia the product of the 
base into the altitude. 

10. The sides AB, AD of a rectangle ABCD are respectively 10 ft. 
and 9 ft. Join AC, produce DC to E, and through B draw BE parallel 
to AC. Find the area of the figure ABEC. 

11. If the bases of two equal parallelograms are 35 and 43 inches, 
and the altitude of the former is VI inches, what is the altitude of the 

I othert 
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PROPOSITION XXXVI. THEOREM. 

Parallelograms on equal bases, and between the same parallels, 
are equal to one another. 

Let NKLM, ROPQ be Hgrams on equal bases KL, OP^ and 
between the same parallels NQ, KP, 

The llgram NKLM shall = the Hgram ROPQ. 




Join KR,LQ. Post.1. 

Then, V KL = OP, Hyp. 

and RQ = OP; I. xxxiv. 

.'.KL^RQ; Ax.l. 

and they are parallels, Syp. 

and joined towards the same parts by the st. lines KM, 

LQ. 

.*. KB, LQ are both equal and parallel I. xxxiil 

.•. BKLQ is a Hgram. 
And •.• the Hgrams NKLM, BKLQ are on the same base 
KL, and between the same parallels KL, NQ, 

.-. the llgram NKLM =tlie\\gramRKLQ. 1. xxxv. 
For the same reason, the llgram JBOP^=the Hgram RKLQ. 

.'. the llgram NKLM = the Hgram JBOPQ. .4a?. 1. 
Wherefore parallelograms &c. Q. E. D. 



SECTION in.] 



PROPOSITION XXXVI. 



REFERENCES. 

PoBt, 1. Let it be graateil Cba,t a, straight lice may be diawa Crota any one 
point to any other point. 

Ax. I. TMcga which axe equal to the same thing aze equal to one acother. 

I. xiiRi. The Btraight lines which join the exliemitiea of two eqaal aod 
parallel straight linea towards the same parts, aro also themselves equoJ and 
parallel. 

I. XXXIV. The opposite sides and angles of a paraUelograin are equal to one 
another, and the diameter bisects the parallelogram. 

I. xixv. Farallelograms on the same base, and between the same parallels, are 
equal to one another. 



EXERCISES. 

Equal parallelograma between, the b 



I parallels have equal 



2. Of two pEirallelograms between the same pEtr&llela, tbe greater 
has the greater base ; and conversely, that which has the greater base 
is greater than, the other. 

3. If two parallelograms are on opposite sides of a common base 
a&d have the same altitude, they are equal. 

4. E end F are the middle points of the aides BC, CD of the 
parallelogram ABCD ; EQ drawn parallel to AB^ and FG drawa 
parallel to AD meet at G : prove that the parallelogram ECFG is one- 
fourth the parallelogram ABCD. 

5. Divide a parallelogram into three equal parallelograma. 

6. All straight lines passing tiirough the intersection, of the 
diagonals of a parallelogram and terminated by the sides are biseoted at 
the point of intersection and bisect the parallelogram. 

7. In the side of a parallelogram take a point (not the middle 
point) and through it draiv a straight line which shall bisect the 
parallelogram. 

8. Through any point within a parallelogram draw a straight line 
to bisect the parallelogram. 

9. If GHKL be a quadrilateral having the side LK parallel to GH, 
prove that it is equal to a parallelogram formed by drawing through 
the middle point of HE a straight line parallel to GL to meet the sides 
GH, LK. 

10. E is the middle point of BG, a side of the quadrilateral 
ABCD, in which AB is parallel to CD : prove that the quadrilateral is 
double of the triangle A ED. 

11. On AB, BC, aides of the triangle ABC, are described the 
parallelograms ABDE, BCFG, and the sides ED, FG, produced if 
necessary, meet at //, On AC is described a parallelogram ACKL, 
whose opposite sides CK, AL are e^ual and parallel to BH. Prove 
that the parallelogram AK is equal to the sum of the parallelograms 
CG, BE. 
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PROPOSITION XXXVII. THEOREM. 

Triangles on the same base, and between the same parallels, are 
equal. 

Let the As LMF,PMNhQ on the same base MN, and between 
the same parallels LP, MN. 

The /^LMN shall = the A PMN, 




Produce LP both ways to the points Q, R; 
through M draw MQ || to NL, and through N draw NR 
II to MP. 

Then each of the figures QMNL, PMNR is a llgram. 
And QMNL = PMNR, 

'.' they are on the same base MN, and between the same 
parallels MN, QR. 
And the ALMN is half of the Ijgram QMNL, 

'.' the diameter LM bisects the llgram. 
Also the APMN is half of the Hgram PMNR, 

•/ the diameter PN bisects the llgram. 
But the halves of equal things are equal. 

/. the ALMN= the APMN. 
Wherefore triangles <Scc. Q. E. D. 



Post. 2. 



I. XXXI. 



L XXXV. 

I. XXXIV. 
I. XXXIV. 

Ax. 7. 



SECTION III.l 



PROPOSITION XXXVII, 



KEFEKENCES. 

Post. 9. Let it be Rranteil tliat a tormumted straight line may bo produced to 
any length in s. straight line. 

Ax. 7. Thinga whioh are halves of the same tbiaR are equal to one aJiother. 

I. xxjj. To draw a straight lino tluough a given point parallel to a given 
straight line. 

I. xixiv. Tho opposite Bides and an^len of a parallulogram aro equal to one 
another, and the diameter bisects the parallelogram. 

I. sixv. FarallelogramB on the same base, and between the same parallels, are 
equal to one another. 



EXERCISES. 

1. Describe a triangle equal to a given triangle and having at) 
angle equal to a given angle. 

2. The atraigbt line fQ is drawn pamllel to A'O, a aide o£ the 
triangle MNO, and meeta MN, MO at P and Q. Shew that the 
triangle NPO m equal to the triangle NQO, and that the triangle 
MNQ is equal to the triangle MOP. 

3. The side CB of the triangle ABC ia produced to any point D, 
and through B is drawn BE paraUel to AD meeting AC in B, Prove 
that the tnangle DEC is equal to the triangle ABC. 

4. The diagonals AC, BD of the quadrilateral ABCD meet at E. 
It AB ia parallel to CD, shew that the triangle AED is equal to the 
triaagle BEC. 

5. P ia any point in AB, a aide of the triangle ABC. In BG 
produced find a point Q auch that the triangle BPQ may be equal to 
the triangle ABC. 

6. Upon a given base describe a triangle equal to a given triangle. 

7. Describe a triangle equal to a given triangle and haviug a given 
altitude. 

8. ABC is any triangle ; on BC describe an isosceles triangle equal 
to ABC. 

9. Deacribe a triangle equal to any quadrilateral. 

10. Describe a triangle equal to any pentagon. 

11. Enunciate the converse of the theorem :— If a quadrilateral 
be a parallelogram, its diameter bisects it. Prove that the converse 
theorem is not true. 

12. Describe a rhombua equal to a given paralJelogi-am. 

13. Of all triangles having two sides equal to two given straight 
lines, that ia the greatest in which these aides are at right angiea to 
each other. 

14. A rhombus ia greater tlian any other parallelogram haviiig the 
uo unequal straight lines for diagouals. 
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PROPOSITION XXXVIII. THEOREM. 

Triangles on equal bases, and between the same parallels, are 
equal to one another. 

Let the As MNO, PQR be on equal bases NO, QR, and between 
the same parallels NR, MP. 

The AMNO shall = the APQfi. 




Produce MP both ways to the points S, T; 
through N draw NS \\ to OM, and through B draw RT 
II to QP. 

Then each of the figures SNOM, PQRT is a Ijgram. 
And SNOM=-PQRT, 

•/ they are on equal bases NO, QR, and between the 
same parallels NR, ST. 
And the AMNO is half of the Ijgram SNOM, 

'.' the diameter MN bisects the Ijgram. 
Also the A PQR is half of the jlgram PQRT, 

'.' the diameter PR bisects the Ijgram. 
But the halves of equal things are equal. 

.-. the A MNO = the A P QR. 
Wherefore triangles &c. Q. E. D. 



Po^.% 



I. XXXI. 



I. XXXVI. 
I. XXXIV. 

I. xxxrv. 

Ax. 7. 



SECTION III.] PROPOSITION XXXVIII. 



REFEBENCES. 



Post. 2. Let it ba granted that a tenninatud straight line may be produoad to 
any length in u straight hue. 

Ax. 7. Things whioh are halves of the sania thinR aca equal to one another. 

I. ixii. To draw a straight line through a given point parallel to a given 
straight liue. 

I. XXXIV. The opposite sides and angles of a parallelogram tae equal to one 
another, and the diameter bisects the paralleloKram. 

I. ixxvi. Parallelograms on equal bases, and between the seme parallels, are 
equal to one Bnother. 

EXERCISES. 

1. 2) is any point in SC, a side o£ the triangle ABC, and AS, AC 
are bisected in E and F ; prove that the figure AEDF is half the 
triangle ABC. 

2. If two triangles have two sides of the one equal to two sides of 
the other, each to each, and the included angles supplementary, tiiey 
are equal in area. 

3. The diagonals divide a parallelogram into four equal triangles. 

4. If two sides of a quadrilateral lje parallel to one another, the 
straight line joining their bisections bisects the quadrilateral, 

6. Bisect a triangle by a line drawn from a given point ii 

6. If in the triangle ABC, BC be bisected in D, AD joined and 
bisected in S, BE joined and bisected in F, CF joined and bisected in 
C, the tzdangle EFG is one-eighth of the triangle ABC. 

7. ABCD is a parallelogram ; P and Q, the middle points of the 
sides BC, CD : shew that the triangle APQ is equal to the sum of the 
triangles BPQ, CPQ, PPQ, and is fths of the whole parallelogram. 

8. The straight lines AD, BE, bisecting the sides BC, CA of the 
triangle ABC, intersect at G ; shew that the triangles EGA, BGD, 
CGD, CGE are each one-sixth of the triangle ABC, and that the 
triangle AGB is one-third the triangle ABC. 

9. OPQ is any triangle ; OR bisecU PQ in R, PST bisects OR in 
S and meets OQ in T : prove that the triangle OPQ is equal to three 
times the triangle TPR, or four times the triangle SQR, or twelve 
times the triangle OST. 

10. ABCD is a quadrilateral, having AB parallel to DC &nd less 
than it ; find a point E in DC, such that the triangle DBE may be 
half the figure ABCD. 

11. From the sides AB, BG, CA of an equilateral triangle, AM, 
BN, CO are cut off each equal to one-third one of the sides of the 
triangle; shew that the triangle MN'O is one-third the tiiangle ABC. 

12. Describe a triangle two-thirds as large again as a given 
triangle. 

13. Given a triangle, describe another such that four times the 
latter may be equal to fifteen times the given triangle. 

U. ABC is a triangle ; C and ^ are taken on AB, AC, such that 
AD is one-third of AB, and AE one-third of AC ; CD, BE intersect at 
F. Prove that the triangles DEF, AEF, AED, DFB, EDC, BFC are 
respectively iV-h. t'i!*^> b^^' \^^> b*^^ "■'"^ ^^ "* ^^ triangle ABC. 

15. Bisect a given quadrilateral by a line drawn through one of 
its angular points. 



110 EUCLID'S ELEMENTS. [BOOK L 



PROPOSITION XXXIX. THEOREM. 

Equal triangles on the same hose, and on the same side of it, are 
between the same parallels. 

Let the equal As BCD, ECD be on the same base CD, and on 
the same side of it. 

They shall be between the same parallels. 




Join BE, Post, 1. 

BE shall be || to CD, 
For if not, through B draw BF \\ to CD, meeting CE at F, 1. xxxi. 
and join FD, Post, 1. 

Then the A5CD =» the AFCD, 
',' they are on the same base CD, and between the same 
parallels CD, BF. L XXXVII. 

But the A BCD = the A ECD. Hyp, 

,\ the AECD == the AFCD, Ax. 1. 

the greater to the less, which is impossible. 
.'. ^i^isnot II to CD. 
In the same manner it can be shewn, 
that no other line through B but BE is || to CD, 

.'. BE is II to CD. 
Wherefore eqital triangles &c, Q. E. D. 



SECTION III,] 



PROPOSITION XXXIX. 



KEFEBENCES. 

Fust. 1. Let it ho granted that a etraigbt lino msij be drawn from an; one 
point to any other point. 

Ax. 1. TMnga which are eqnal to the samR thing are equal to one asother. 

I. xxn. To draw a straight line through a given point parallel to a given 
Btiaight line. 

I. zuvn. Triangles on the aame base, and betwesn the same parallela, are egual. 

EXERCISES. 

I. Any quadrilateral which ia bisected by botli of its diagonals is a 
parallelogram. 

3. AC and BD are the diagonals of a quadrilateral ABCD : if the 
triangle ABD is equal to the triangle ABC, prove that the triangle ADC 
is equal to the triangle BDC. 

3. E and F are two pi)ints within Uie triangle ABC ; if the sum of 
the triangles AEB, BEG ia equal to the sura of the triangles AFB, BFC, 
prove that EF ia parallel to AC. 

4. If of the four triangles into which the diagonals divide a 
trapezium any two opposite ones are equal, the trapezium has a pair of 
opposite sides parallel. 

[The name trapezium ia bj aome writers aaedonlj for a quadrilateral which baa 
one pair of opposite Bides parallel.] 

5. If two sides of a triangle be bisected, the straight line which 
joins the points of bisection is parallel to the third side, and equal to 
the half of it. 

6. If a straight line he drawn from the vertex of a triangle ABC to 
any point in the base BC, prove that the middle points of AB, AD, AC 
are in a straight line. 

7. ABC, DBC are two triangles on the same base BC, and on the 
same side of it, but not between the same parallels. The sides AB, AC 
are bisected at F and F, and the sides DB, DC, at 6 and H. Prove 
that EFH& is a pai-allelogram. 

8. Construct a triangle, having given the middle points of the sides. 

9. Divide a given triangle into four identically equal triangles. 

10. The perimeter of an isosceles triangle is less than that of any 
other triangle of equal area, standing on the same base. 

II. liD, E, Fh& the middle points of the sides BC, CA, AB of 
the triangle A BC ; BE, CF, AD are concurrent, and divide each other 
in the ratio of 2 : 1. 

[Let BE, CF intersect at G ; join AO and prove that when produced it will 
bisect BC, Throngh B draw BH parallel to J''(7 to meet AG prodaced at H ; shew 
that BOCH ia a parallelogram, using Ex. 9, Prop. XXXIV. and Ex. a above.] 

13. If a diagonal bisects a quadrilateral, it also bisects the other 
diagonal. Also prove the convei'se. 

13. If the diagonals of a quadrilateral ABCD intersect at E, and 
the triangle BCD he double of the triangle BAD ; EC ia double of £A. 
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PKOPOSITION XL. THEOKEM. 

Equal triangles, on equal hoses in the same straight line, and on 
the same side of it, are between the sam^ parallels. 

Let the equal A s AB G, DEF be on equal bases BG, EF, in the 
same st. line BF^ and on the same side of it. 

They shall be between the same parallels. 




Join AD, Post 1. 

AD shall be || to BF. 
For if not, through A draw AQ\\\x) BF, meeting ED 
at Oy I. xxxL 

and join OF. Post, 1. 

Then the A J50 = the A OEF, 
•.* they are on equal bases BG, EF, and between the same 
parallels BF, AQ. I. xxxviii. 

But the A ABG = the A DEF, Hyp. 

:. the A DEF = the A QEF, Ax. 1. 

the greater to the less ; which is impossible. 
.-. ^ G^ is not II to BF. 
In the same manner it can be shewn, 
that no other line through A but AD is || to BF. 

:. AD is II to BF. 
Wherefore equal triangles &c. Q. E. D. 



ISECTION in.] 



PKOPOSmON XL. 



REFERENCES. 

Post, 1. Lat it be granted that a atraigbt line may bo drawn Cram an; 

Dint to an; other point. 

Ax. 1. Thinga which ate equal to the samo thing are equal In one another 

L im. To draw a straight Une through e, given point paraUel to a 

r straight line. 

' iiivin. Triangles on eqaal baneH, and between the same (laraUulB 
I equal to one another. 



I 
I 



EXEfiCISES. 

1. Equal triaoglea on equal bases have the name altitude. 

2. Three equal triangles are ou equal bases, in the same straight 
line, and on the same aide of it ; prove that their vertices, if no two of 
Ijieni be coincident, are in one straight line. 

3. If two equal triangles ABC, DEF be on equal bases AB, EF, in 
the same straight line AF, but on opposite Bides of it; the line CD 

[Joining their vertices shall he bisected hy AF. 

[Through E and F draw BO, FG parallel to BF. DE, and join DG meeting EF 
at H. Use Props, iiiit., xl., Bi, 3, Prop. TSXia., and Es. 9, Prop, xxxrv.] 

4. If the line joining the vertices of two triangles on equal bases, 
in the same straight line, but on opposite sides of it, be bisected hy the 
line containing the bases, the triangles are equal. 

If ABC, BCE be two triangles on equal bases BC, CE, in the same 
straight line, and if F, G, H, K be the middle points of the sides AB, 
AC, DC, DE; prove that FGKH is a parallelogram, and that its area 
half the difference or halt' the sum of the areaa of the triangles, 
according as they are on the same side of BE or on opposite aides 
of it. 

6. Prove indirectly that the straight line drawn from the vertex of 
triangle to the middle point of the base bisects every parallel to the 
a.ae. 

Hence obtain a method for bisecting a given straight line. 

7. Two equal triangles are on equal bases, in the same straight line, 
and on the same side of it ; prove that the intercepts, made hy the sides 
of the triangle on any straight line drawn parallel to the line containing 
the bases, are equal. 

Jn an indefinite line AE three parts AB, EG, CD are cut off, 
each equal to any given straight line. P is any }ioint witliout the liuu 
AE. Prove that the intercepts made by FA, PB, PC, PD on any lino 
parallel to AE are equal 

Hence give a method for trisecting a given straight line, and fur 
dividing a line into any given number of equal parts. 

9, Inscribe a square in a given triangle ABC. 

ILat fall AF perpendicular on BC and produce BC to Q making CQ equal to BP\ 
bisect the angle AFC by PM meeling AQ at M, through which draw MDE parallal 
to BC, meeting AC, AB at D, £, which will be angular points of the required 
square.] 
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PROPOSITION XLL THEOREM. 

If a parallelogram and a triangle he on the same base and 
between the same parallels, the parallelogram shall be double of the 
triangle. 

Let the |!gram PRLM and the A TRL be on the same base iJZ, 
and between the same parallels RL, FT, 

The llgram PRLM shall be double of the A TRL, 




Join PL. Post. 1. 

Then the APRL = the A TRL, 
'.' they are on the same base RL, and between the same 
parallels RL, PT. 1. xxxvii. 

But the llgram PRLM is double of the APRL, 

\' the diameter PL bisects the tigram. I. xxxiv. 

/. the llgram PRLM is also double of the A TRL. 
Wherefore if a parallelogram <kc. Q. E. D. 



SECTION III.] 



PROPOSITION XLI. 



REFEKENCE3. 



e ra&y be drawn frani any one 



Post. 1. Lot it be granted tliat a bI 
point to any other point. 

I. ixiiv. The opposite sides and angles a! a parallelogram are eqaal to < 
anothar, and the diameter bisects the parallelogram. 

L zxxvii, Trianglea on the aame base, and between the some parallels, 



EXERCISES. 

. Prove the converse of this proposition, 

. If a parallelogram and a triangle be on equal bases, and between 
tlte same parallels, the parallelogram shall be double of the triangle. 

~. A triangle is equal to a parallelogram if they liave the same 
altitude, aad the bime of the triaugle m double that of the paralteio- 

i. If any point be taken within a parallel ograni, the suni of the 
triangles formed by joining the point with the extremities of a pair of 
opposite sides is equal to half the parallelogram. 

I£ two equal straight linea intersect each other at right angles, 
the quadrilateral formed by joining their extremities is equal to half the 
square on either straight line. 

~. Shew that the area of a triangle is equal to half tJie product of 
the base into the altitude. 

7. If the bases of two equal ti'iaugles be respectively 12ft. and 
li ft., and the altitude of the first be 7 ft., what is the altitude of the 
other triangle t 

8. The two diagonals of a rhombus are 6 in. and Sin.; what is 
the area of the rhombus ? 

. Through a point K within a parallelogram ABCJ) straight lines 
are drawn parallel to the sides ; shew that the difference of the paral- 
lelograms of which KA and JiC are diagonals is equal to twice the 
triangle £KI>. 

10. ABCD is a i-eclangle, B any point in BC, and /' any point iii 
CD. Shew that twice the triangle AEF together with the rectangle 
two of the sides about an angle of which are equal to BE, DF, is equal 
to the rectangle ABCD. 

1 1. On the two equal sides of a given right-angled isosceles triangle 
as bases are described two right-angled isosceles triangles ; prove that 
these are together equal to the given triangle. 

12. BAC is a right angle in the triangle ABC; on AB, AC are 
described externally the equilateral triangles ABF, ACE ; FA is 
jiroduced to meet CE at ff. Prove that FG bisect* CE at right angles, 
and that each of the triangles BAE, FAC ia half the triangle ABC. 

13. ABC is a triangle ; D a point in CB such that CD is one-third 
CB ; DA is joined and produced to E ao that EA is equal to the half of 
AD ; shew that a pai-allelogram of which ED and DC are two sides is 
equal to the triangle ABC. 

S~2 
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PROPOSITION XLII. PROBLEM. 

To describe a parallelogram that shall he eqttal to a given tri- 
angle, and have one of its angles equal to a given rectilineal angle. 

Let BCD be the given A, and A the given rectilineal Z . 
It is required to describe a llgram that shall = the given A BCD, 
and have one of its Z s equal to A, 




Bisect CD&tX; L X. 

at the pointXinthe st.linei)-3r,make the Z DXYeqiial to A ; LxxiiL 
through B draw BYZ\\ to XD, and through D draw DZ 

II to ZF. I. XXXL 

Join jBX Post. 1. 

Then DXYZva a Ijgram. 
And the A CXB = the ADXB, 
\' they are on equal bases (7X, DX, and between the 
same parallels CD, BZ. I. xxxviii. 

.-. the ABCDia double of the ADXB. 
But the llgram DXYZ is also double of the A DXB, 
•.• they are on the same base DX, and between the same 
parallels DX, BZ, I. XLI. 

.-. the llgram DXYZ= the A BCD, Ax. 6. 

and it has one of its Z s DXY equal to the given Z A. Constr. 

Wherefore a Wgram DXYZ has been described equal 
to the given A BCD, and having one of its Z s DXY equal 
to the given Z -4. Q. E. F. 



SECTION III.] 



PROPOSITION XLII. 



REFERENCES. 

Post. 1. Let it be graated that a straight line may he ttrawn from any one 
point to any other poiot. 

Ax. 6, ThingH which are double ot the same thing are equal to one another. 
I. X. To biaect a given finite Btraight line. 

L iini. At a given point in a given Btraight line, to make a realilineal angle 
equal to a given rectilineal angle. 

" SHI. To draw a straight line through a given point parallel to a, given 
Btrught line. 

' xiiviii. Triangles on equal bases, and between the same parallels, aro eqnal 
3 another. 

lu. If a parallelogram and a triangle be on the same base and between the 
parallels, the parallelogram shall be double of the triangle. 



EXERCISES. 

1. Describe a rectangle equal to a g;iveii tiiangle. 

2. Describe a rhombua equal to a given triangle. 

3. Through two given points in two parallel straight lines draw two 
lines forming a rboubuB with the two parallels. 

4. Construct a right-angled triangle equal to a given rhombuB, 

6. Describe a triangle equal to a given parallelogram, and haviug 
on angle equal to a given angle. 

6. Describe a parallelogram equal in area and perimeter to a given 
triangle. 

7. Describe a triangle equal to a given triangle, and having a base 
ihree times as great. 

8. Construct a parallelogram, given the diagonals and a side. 

9. Construct a parallelogi'am, given the diagonals and the angle 
between them. 

0. Construct an equilateral triangle with a given altitude. 

1, Through two given points draw two straight lines forming 
■with a straight line given in position an equilateral triangle. 

' 2. Construct a triangle, given the base, one of the base angles, and 
the sum of the sides. 

3. Construct a triangle, having given the base, one of the base 
angles, and the difference of the sides. 

'i. Construct an isosceles triangle, whose base and vertical angle 
are given. 

' 5. Construct a triangle, having given the base, and the sum of a 
side and the perpendicular from the vertex on the base. 

" 6. Construct a triangle, having given tbe altitude and the base 
angles. 

" 7. Inscribe a rhombus in a triangle. 
8. The perimeter of an isosceles triangle is greater than the 
perimeter of a rectangle of the same altitude and area as the triangle. 
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PROPOSITION XLIIL THEOREM. 

The complements of the parallelograms, which are about the 
diameter of any parallelogram, are equal to one another. 

Let LGHK be a llgram, of which the diameter is LH. 
Let MP, QN be Hgrams about LH, that is, through which LH 
passes ; 

and GO, OK the other Hgrams which make up the whole figure 
LGHK, and which are therefore called the complements. 
The complement GO shall = the complement OK. 




'.' LGHK is a ilgram, and LH its diameter, 
the A LGH = the A LKH. 
Again, *.* LMOP is a llgram, and LO its diameter, 
the AiJlf = the AiPO. 
For the same reason, the A OQH= the A ONH. 
.\ the 2 As LMO, OQH = the 2 As LPO, ONH. 
But the whole A LGH = the whole ALKH. 
.'. the remainder, the complement GO = the remainder, 
the complement OK. 

Wherefore the complements <Ssc. Q. E. D. 



I. XXXIV. 



I. XXXIV. 



Ax. 2. 



Ax. 3. 



PROPOSITION XLIII. 



REFEKENCEa. 



Ai. 3. If (iquale be addecl to eqaalB the nholea are equal. 
Ax. 3. If ei^ualfl be leken From oquals the rcmSimderB ace equnl. 
I. xzxiv. The opposite sidi^a and anglba of a parallelogrum are eqnal to □ 
another, and the diameter biseets the parallelogram. 



EXERCISES. 

I. The parallelograms about the diameter of a square are squares. 
i. If the areas of the squares about the diameter of a square be 
reapeotively 4 and 35 sq. inches, find the area of one of the complements. 
J. A parallelogram about a diagonal of a rhombus ia a rhombna. 

I. Shew that the parallelogram LQ in the figure is equal to the 
parallelogram Sf£, and the parallelogram 6Jf to the parallelogram PH. 

5, If/", Q be two points in the diameter AC of a parallelogram 
ABGD, and if PM, QL, drawn parallel to AB, meet BC, J 5 in Jf and 
L respectively, and if PK, QN, drawn parallel to AD, meet CD, AB in 
K and JV respectively, prove that the parallelograms KL, MN are equal. 

J. ABCD is a parallelogram, and E any point in the diagonal AG 
produced ; prove that the triangles EBC, EDO are equal. 

r. If through a point within the parallelogram ABCD two 
straight lines be di-awn parallel to the sides, and the parallelograms OB, 
UD be equal, the point is in the diagonal A C. 

i. APOQ is a imi-allelogram ; EF, parallel to AP, meets AQ, PO 
at E, F; and LS, parallel to AQ, meets AP, QO o.t L, U ; LF, EH are 
produced to meet at C, through which CB, CD are drawn parallel 
respectively to AP, AQ, to meet AQ, AP at B and D. Prove that ia 
OD the diagonal of the parallelogram ABGD. 

9. In the figure, the difierence of the parallelograms QN and PM 
u equal to the triangle GOK. 

10. In the figure, take any point R in ON, join KR and produce 
it to meet OQ in .S'. Through R draw AB parallel to iff, and through 
S draw CD parallel to LK. Prove that the triangles RLH, RSH are 
eaiih half of the pLirallelogram PQBA. 

II. The sides GL, UK ai a quadrilateral GUKL are produced to 
meet at M, and the sides GH, LK, at N. Prove that the middle points 
of GK, HL, MN are in a straight line. 

[IfN is called the third diagonal of the gaaJrilaterol GUKL. Complete the 
parallelogram ilGOll, and draw Wparallel to MG audLQ parallel to Mil, meetiug 
GO, OH at P, Q. Tlien P(f pasBea through N by Ex. 8; MP, OK bisect eacii 
other, aa also MQ, LH, Ex. 3, Prop, xxxin. ; and the middle paints of UP, MQ, 
MS are in a atraight line, Ex. fi, Prop, xxsii.] 
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1 PROPOSITION SUV. THEOREM. 




^M To a given straight line to apply a parallelogram, which shall 


H be equal to a given triangle, and have one of its angles equal to a 


^M given rectilineal angle. 




H Let CD be the given st. line, B the given A, and A the given 


H rectilineal ^. 




■ It is required to apply to the at. line CD a [Igram equal to the 


■ AiJ, and having an Z equal to the /.A. 


i 


I ^ / /// 


^H / -X i/f I 


Make the Hgram flPJVJ/equalto the AB, and having 


the Z I'DM equal to the Z A, and so that DP may be in 




the same st. line with CD ; 


I. XLII. 


produce NM to Q ; 


Post. 2. 


through G draw CQ \\ to DM or PN, 


I. XXSI. 


and join QD. 


Post. 1. 


Then ■.■ the st. line QJf falls on the parallels QO, NP. 




the Z 8 CQN, QNP tt^ether = 2 rt. Z a ; 


I. XXIX. 


.-. the Z s DQN, QNP are together less than 2 rt. Z s. 




But St. lines which with another st. line make the iutr. Z s 




on the same side together less than 2 rt. Z s will meet on 




that side, if produced far enough. 


Ax. 12. 


.-. QD and NP will meet if produced. 




Let them be produced and meet at M. 


Post. 2. 


Through R draw MY\\ to PC or NQ, 


I. xxxr. ' 


and produce QC, MD to meet RY in the points Y, X. 


Post. 2. 


Then QYRNis, a ligram, of which the diameter ia QR; 




CM, XP are the [Igrams about QR, and ND, DY are the 




complements. 




.-. ND = DY. 


I. XLIII. 


But ND = the A-S. 


Constr. 


.■.i)r=theAB. 


Ax.!. 


And -.■ the Z RDM = the Z CDX, 


1.XV. 


and the z PDM = the Z ^ ; 


ConstT. 


.-.the zCJ)X = theZ^. 


Aa:.\. 


Wherefore to tite given st. line CD the Wgram DY is 




applied, equal totlteAB, and having the Z CDX equal to 


1 


the ^A. 


M 



PROPOSITION XLIV. 



SECTION III.] 



Post. 1. Let it be granted that a, straight line maj be drawn from aaj one 
point ta tnj other point. 

Post. 2. Lot it be granted that a terminated straight line may be prodooed to 
any length in a straight line. 

Ax. 1. Things wiiich are eqoal to the same thing are equal to one another. 

Ax. 12. If a straight line meet two straight lines, so as to make the two 
interior an)(lea on the same side of it taken together less than two right Bnnles, 
these etraight lioes, being ooctinimll; produced, ahall at length meet on lliat side on 
whioh are the angles which are leas than two right angles. 

I. w. If two Etraight lines cut one another, the vertical, opposite angles shall 
be eqnal. 

I. ixix. If a straight line fall on two paraUet straight lines, it ma^es the 
alternate angles equal to one another, and the exterior angle equal to the interior 
and opposite angle on the same side; and also the two interior angles on the same 
side equal to two right angles. 

I. xixi. To draw a etraight line through a given point parallel to a given 
straight line. 

I. xui. To describe a parallelogram that shall be equal to a givea triangle, and 
have one of its angles equal to a given rectilineal angle. 

I. xun. The complements of the parallelograms which are about the diameter 
of any parallelogram, are equal to one another. 



EXERCISES, 

1. To a givea straight line apply a triangle equal to a givea triangle. 

2. Describe a rhombus equal to a given rectangle. 

3. On a givea baae construct a rectangle equal in area to a given 
triangle. 

4. To one of the aidey of an equilateral triangle apply a parallelogram 
equal to the triangle and having an angle equal to an angle of the 
triangle. 

5. On the greatest aide of a scalene triangle describe a rhombus equal 
to the triangle. 

6. To a given straight line apply a triangle equal to a given paral- 
lelogram and having an angle equal to a given angle. 

7. On a given base construct an isosceles triangle equal to a given 
square. 

8. From an angular point of a given triangle draw a straight line 
cutting off from the triangle a given area. 
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PROPOSITION XLV. PROBLEM. 

To describe a parallelogram eqiuil to a given rectilineal figure, 
and having an angle equal to a given rectilineal angle. 

Let BODE be the given rectilineal figure, and A the given 
rectilineal Z. 

It is required to describe a llgram equal to BCDE, and having 
an Z equal to A, 




Join CE. 
Describe the llgram X^ equal to the ABCE, and having 
the /. WXP equal to the ZA. 

To the St. line NP apply the llgram PZequal to the A ECD, 
and having the Z NFY equal to the Z A. 

The ngure WXYZ shall be the llgram required. 
•/ each of the Z s WXP, NPY = the Z A, 
the Z WXP = the Z NPY, 
To each add the Z XPN ; 

.-. the Zs WXP, XPN^ the Z^ XPN, NPY. 
But the Zs WXP, XPN^ 2 rt. Zs. 
.-. the Z s XPN, NPY= 2 rt. Z s. 
And •.' at the point P in the st. line PN, the 2 st. lines 
XP, P Y, on the opposite sides of it, make the adjacent 
Z 8 equal to 2 rt. Z s, 

.'. XP is in the same st. line with PY. 
And •.• the st. line P^ meets the parallels XY, WN, 

the Z YPN = the alternate Z PNW. 
To each add the Z PNZ; 

.-.the Zs YPN,PNZ=^the Z9PNW,PNZ. 
But the Z s YPN, PNZ = 2 rt Z s. 
.-. the ZsPNW, PNZ = 2 rt. Zs. 

.'. WN is in the same st. line with NZ. 
And •.• XWisW to PN, and PN \\ to YZ, 

:. XW is II to YZ, 

and XY is || to WZ. 

.'. WXYZ is a llgram. 



Post. 1. 

I. XLII. 
I. XLIV. 

Constr. 
Ax. 1. 

Ax. 2. 

I. XXIX. 

Ax. 1. 



I. XIV. 
I. XXIX. 

Ax. 2. 

I. XXIX. 

Ax. 1. 

I. XIV. 

Constr. 

I. XXX. 



SECTION III.l 



PROPOSITION XLV, 



And -.■ the ||gram XN= the ABCE. Constr. 

and the |]eram PZ = the AECD ; Constr. 

I /. the whole ifgram WXYZ = the whole rectilineal figure 
BCDK Ax. 2. 

Wherefore the Wgravt WXYZ has been described equal 
to the given rectilineal figure BODE, and liaving the ^ WXY 
equal to the given z A. Q. e. f. 

Corollary. From this it ia manifest how, to a given straight 
line to apply a parallelogram, which shall have an angle equal to a 
given rectilineal angle, and shall be equal to a given rectilineal 
figure ; namely, by applying to the given straight line a parallelo- 
gram equal to the firet triangle BGE, and having an angle equal 
to the given angle; and so on. I. SLIV. 



BEFEHENCES. 

Post. 1. Let it be granted that a striuglit One may be drawn &om any one point 
lO an; othei point. 

Ai. 1. Things which are er|iial to the same tiling sxa eqnal to ono another. 
Ax. 3. If eqnale be added to eijaala the wholes are eqaal. 

I^ at a poinC in a straight line, two otber Btrai);bt linos, on tlis 



opposite Bides of it, make the adjacent angles 

these two straight lioes shall be ia one and the same straight line. 

straight line fall on two parallel straight lines, i 



makes the 



alternate angles equal to one another, and the e 
and apposite angle on the same aide ; and also the t^ 
side together eqaal to two right angles. 

I. zjji. Straight lines which are parallel to the 
'o each other. 

j:. To describe a parallelogram that shall bi 
have one of its angles eqn^ to a given rectiliueol angle. 

L iLiY. To a given straight line to apply a parallelogram, which shall be eqnal 
a given triangle, and have one of itn angles eqaat to a given rectilineal angle. 



e straight line are parallel 
le equal to a given triangle, and 



EXERCISES. 

1. To a given ati-aight line apply a rectangle equal to a given 
parallelogram. 

2. On a given base construct a rectangle equal to a given square. 

3. Describe a parallelogram equal to a given parallelogram and 
having a given altitude. 

4. Construct a rectangle equal to the sum of two given rectilineal 

5. Construct a rectangle equal to the difference of two given rec- 
tilineal figurea. 
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PROPOSITION XLVL PROBLEM. 

To describe a square upon a given straight line. " 

Let AB be the given st. line. 
It is required to describe a square on AB. 



B 



From the point A draw AC at rt. Z s to AB; 1. xi. 

make AX equal to AB ; L III. 

through X draw XY \\ to AB, and through B draw 
jBF II to AX, meeting XF in Y. I. xxxi. 

Then AXYB is a Hgram ; 

/. AX = BY, and AB = XY. I. xxxiv. 

But ^X = AB. Constr. 

.'. the 4 st. lines BA, AX, XY, YB are equal to one 
another. 

.*. the Ijgram AXYB is equilateral. 

Likewise all its Z s are rt. Z s. 

For, •.• the st. line AX meets the parallels AB, XY, 

the Z s BAX, AXY together = 2 rt. Z s. 

But BAX is a rt. Z . 

.'. also AXY is a rt. Z . 

And the opposite Z s of Ijgrams are equal ; 

.'. each of the opposite Z s XYB, YBA is a rt. Z . 

.'. the figure AXYB is rectangular ; 

and it has been shewn to be equilateral. 

.'. it is a square; 

and it is described on the given st. line AB. 



I. XXIX. 

Constr. 
Ax. 3. 

I. XXXIV. 

Ax. 1. 



Def. 30. 

Q. E. F. 



Corollary. Hence, every parallelogram that has one of its 
angles a right angle, has all its angles right angles. 



■e equal to two given lines, 
inglea, which have two sidea 

' giveD straight linos is 



i is equal to a 



SECTION III.] PROPOSITION XLVI. 

EEFEBENCES. 

Dei. 30. A nqnare is a Four-aicled figure which has sU its sides eqnal, and all its 
angles right angles. 

Ax. 1. Things which are eqcal to the Baine thing are equal to one another. 

Ax. 3. If equals be taken from equals the remaindeis are equal. , 

I. in. Ftum the gceabir of two given straight lines to cut oS a part equal to the 

I, II. To draw a etraighl line at right angles to a given straight line, from a 
given point in the same. 

I. ixix. If a straight line fall on two parallel straight lines, it makes the 
alternate angles equal to one another, and the exterior angle equal to the interior 
and opposite angle on the same side ; and also the two interior angles on the same 
side together equal to two right angles. 

I. XXXI. To draw a straight line through a given point parallel to a given 
Btraight line. 

I. xxziv. The opposite sides and angles of a parallologram are equal to oqs 
anolJier, and Uie diameter bisects the parallelogTam. 

EXERCISES. 

1. Coaatruct a rectangle whose aides 

2. Prove by auperpoBition that all r 
respectively equal to two given straight lines, i 

[Hence a rectangle having sides respectively equal ti 
called the rectangle contained by those lines.] 

3. Constrnct a square having given a diagonal. 

4. If two squares are equal, shew that a Bide of 
aide of the other. 

5. If in the sides of a aquave at equal distaucea from the angular 
pointa four other points be taken in order, one on each side ; the figure 
contained by the straight lines which join them shall also be a, square. 

6. ABUD is a square; in AS take any point E, aud from AD, CD, 
GB cut off AF, CG, GH, each equal to ^^. EFGH is a rectangle. 

7. Within a square ABGD o, aquare EFGH is inscribed; prove 
that the aidea of ABGD are equally divided in the pointa E, F, G, H. 

8. Divide a square into four right-angled triangles and a square. 

9. If the middle points of opposite aides of a square be joined, 
prove that the square is thus divided into four equal squares. 

10. The aquare on a line ia four times the square on half the line. 

11. If straight lines be drawn through the angular pointa of a 
square and paraUel to the diagonals ; shew that these straight lines 
themselves form a square. 

13. On the aidea of a aquare are described equilateral triangles all 
external; ahew that the atraight lines joining their vertices form a square. 

13. ABGD ia a square of which the diagonal AO is equal to ij^ 
inches. In AG take a point E, such that AE is equal to 2^2 inches. 
Find the areas of the whole square and of the four figures into which 
the square ia divided by straight lines through E parallel to the aidea. 

11. If a aquare and an equilateral triangle be described upon the 
aame atraight line, the square is greater than twice the triangle. 

15, A square J 5Ci? and an equilateral triangle ABE ai 
on the same base AB and on opposite sides of it. If F the middle point I 
of AE be joined with G, and AE be produced to G auch that EG is equal \ 
to FB ; ahew that GB, FG will be equal. 
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PROPOSITION XLVII. THEOREM. 

In any right-angled triavgle, the square which is described on 
the side subtending the right angle is equul to the squares described 
on the sides which contain the right angle. 

Let ABC he a right-angled A, having the rt. Z BAC, 
The sq. on BC shall = the sqq. on BA, A C, 




On BC, CA, AB describe the sqq. BDEC, GH, BG, I. XLVL 

Through A draw AL \\ to BD or GE\ I. xxxi. 

and join AD, FG, Post. 1. 

Then '.• BAG is ^rt. Z , Hyp. 

and BA Q is also a rt. Z ; Def, 30. 

/. the 2 st. lines AG, AO, on the opposite sides of AB, 

make with it at the point A the adjacent Z s equal to 2 rt. Z s; 

.'. GA is in the same st. line with AO. I. xiv. 

For the same reason BA, AH are in the same st. line. 

Now the Z DBG = the Z FBA, for each of them is a rt. Z . Ax, 1 1. 

To each add the Z ABC, 
:. the whole Z DBA = the whole Z FBG. Ax. 2. 

And ••• the 2 sides ^JB,J5i>= the 2 sides FB,BC,esich to each, Def. 30. 

and the Z ABD = the ZFBC; 
.-. the A ABD = the A FBG 
Now the llgram BL is double of the A ABD, for they are 
on the same base BD, and between the same parallels BD, A L. 
And the sq. BG is double of the A FBG, for they are on 
the same base FB, and between the same parallels FB, G G. 
But the doubles of equals are equal to one another. 
.*. the llgram BL = the sq. BQ. 
In the same manner, by joining AE, BK, it may be shewn, 
that the llgram GL = the sq. GH. 
:. the whole sq. BDEG = the 2 sqq. BG, GH. Ax. 2. 

And the sqq. BDEG,BG, GHsltq described onBG, GA, AB. 
.\ the sq. on jB(7 = the sqq. on BA, AG. 
Wierefore in any right-angled, triangle &c. q. E. D. 



I. IV. 
I. XLI. 
I. XLI. 

Ax. 6. 



SECTION ni.] 



PROPOSITION XLVII. 



EEFEBENCES. 
ir-aided figure which has all its sidea equal, and all ii 



it line Taa,y be drawn from on; oi 



e together equal b 



n isosceles triangle ABC 
■ I D, find AB. 



lef. SO. A square is a 
angles right angles. 

Post. 1. Let it be graoted that a 
to any other paint. 

Ax. 2. If equals be added to eqaals the wholes are equal. 
Ai. 6. Things which ore double of the eame thing are equal to one another. 
Ax. 11. All right angles are equal lo one another. 

I. IV. If two triangles have two sidea of the one equal to two sides of the other, 
each to eaoh, and have also the angles contained by those sides equal to one 
another, they shall also have their hoses eqnal ; and the two triangles shall bo 
equal, and Uieir other angles shall be equal, each to each, namel; those to which 
the equal sides are opposite. 

I. uv. If, at a point in a straight line, two other straight lines, on the 
oppoiQte sides of it, make the adjacent angles together equal to two right angles, 
" e two straight lines shall be in one and the same straight Une. 

:, £xxi. TodrawastraightlinothroughagivenpointpaTalleltoagivenstraightline. 
[. xu. If a parallelogram and a triangle he on the same base and between the 
B parallels, the parallelograni shall be double of the triangle. 
[. iLTi. To desuribe a square on a given straight line. 

EXERCISES. 

1. The sum of the squares on the diagonals of a rectangle is equal 
to the Buni of the squares on the four aides, 

2. The squares on the aides of a rliomlius 
squares on the diagonals. 

3. Each of the equal sides, A£, AC, of e 
is 6 ft, and the base is 6 ft. If AD bisect BC ii 

4. If the area of a sqnare be 50 sq. inches, what will b 
of another square having the diagonal of the first square as a side ! 

5. If the perpendiculars from the extremities of the base of a 
triangle on the opposite sides be equal, the triangle is isosceles. 

6. In the triangle ABC, BD ia drawn perpendicular to AG. 
Prove that the difi'erenee of the squares ou AD, CD is equal to the 
difference of the squares on AB, BC. 

7. The equilateral triangle described on the hypotenuse of a right- 
angled triangle is equal to the sum of the equilateral triangles described 
on the sidea containing the right angle. 

8. The hjpoteauaes of three isosceles right-angled triangles form a 
right-angled triangle. Prove that one of the isosceles triangles is equal 
to the sum of the other two. 

9. The bisectors of the angles of any triangle are concurrent. 

10. If a square be described on the diagonal of a square, and 
another square on the diagonal of this, and so on ; the last square so 
described will be equal to the sum of all the others so described, 
together with twice the original square. 

11. The aides AB, BC, CA of the triangle ABC are respectively- 
parallel to the sides DE, EF, FD of the triangle DEF; EG, BH are 
drawn perpendiculars to EF, DE; CK, CL, to DF, EF; AM, AN, to 
DF, DE. Prove that the sum of the squares on AG, BE, CN is equal 
to the aum of the squai-ea on AL, BM, CH. 

12. Squares are described on the sides of an acute-angled triangle ; 
a perpendicular is let fall from each of its angular points on the 
opposite side and produced to divide the square on that side into two 
parte. Prove that the six rectangles into which the sq^uarea ai-e dvvvisi. 
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PROPOSITION XLVIIL THEOREM. 

If the square described on one of the sides of a triangle he equal 
to the squares described on the other two sides of it, the angle 
contained by these two sides is a right a/ngle. 

Let the sq. on PQ, one of the sides of the A OPQ = the sqq. 
on the other sides PO, OQ. 

The Z POQ shall be a rt Z . 




From the point draw OR at rt. Z s to 0Q\ 

make OR = OP, 

and join RQ. 

V OR = OP, 

the sq. on OR = the sq. on OP. 

To each add the sq. on OQ. 

.*. the sqq. on RO, 0Q = the sqq. on PO, OQ. 

But the sqq. on RO, OQ = the sq. on RQ, 

V ROQ is art. Z. 
And the sqq. on PO, OQ = the sq. on PQ. 
.*. the sq. on PQ = the sq. on RQ. 
.'. the side PQ = the side RQ. 
And :PO = RO, 
and OQ is common to the 2 As POQ, ROQ ; 
the 2 sides PO, OQ = the 2 sides RO, OQ, each to each ; 
and the base PQ has been shewn = the base RQ ; 
.'. the Z POQ = the Z ROQ. 
ButiZO^isart. Z: 
:. POQ is a rt. Z . 
Wherefore if the square <bc. q. 



I. XI. 

I. III. 

Post. 1. 
Constr. 



Ax. 2. 

I. XLVIT. 

Constr, 

Hyp. 

Ax. 1. 

Constr. 



I. VIII. 

Constr. 
Ax. 1. 
E. D. 



SECTION III. 



PROPOSITION XLVIII. 



HEFEEENCES. 



Post. 1. Let it be granted that a BtmiBht line may be drawn from any oue 
point to any other point. 

Ai. 1. Thingfl which are eqaal to the aama tiling are eqaal to one another. 

Az. 2. If equals be added to eqnale the wholes are equal, 

L m. From the greater of two given straight linea to cut oil a part equal to 
the less. 

I. Tin. If two triangles have two sides of the one equal to two aiilea of the 
other, eaoh to each, and have likewise their bases equal, the angle which is 
oonta^ed by the two aides of the one shall bo equal to the angle whiob is contained 
bj the two sides, equal to them, of the other. 

I. XI. To draw a straight line at right angles to B given straight linti. from a 
givDii point in the same. 

I. xLvii. In any right-angled triangle, the squara which is dencrihed on the 
side Rubtendirig the right angle ia equal to the squares described on the sides whiob 
contain the right angle. 



EXERCISES. 



1. Shew that the following t 
the sides of right-angled triajigl 
7, 24, 25; 8, 15, 17; 9, 40, 41; 

2. 
thee 



mbers which may represent 
t, 6; 5, 12, 13; 6, 8, 10; 
; 11,00, 61: 12, 16, 20. 






3. A rectangle, one of whose sides is 1 ft., is equal to a 
whose sides are 5, 12, 13 ft.; find the other side. 

4. If the square on one side of a triangle ho greater than the sum 
of the squares ou the other two sides, the angle contained by these two 
aides is obtuse ; and if less, acute. 

5. Classify the triangles whose siaea are:— (a) 16, 63, 65; 
(b) 13, 88, 84; (c) 8, 15, IB. 

6. HKL ia a triangle having KL equal to 25 inches, HK to 24 
inches, and HL to 7 inches ; KL is bisected at /'', and IIF is produced 
to Jf so that FM is equal to HF. Prove that HKML is a rectangle. 

7. ABC is a triangle; D, the middle point of BC, ia joined to A : 
prove that if the squares on BA, AG nre together equal to the square 
on twice AD, the ani;ie BAG is a right angle. 

8. One end of a ladder 12 ft. long rests on a ledge in a wall, and 
the other end is fastened by a rope 20 ft. long to a ring fixed 16 ft. 
above the ledge. What is the position of the ladder! 

9. Two men, A and B, set out from the same place, A walking in 
the N.E. direction 7 miles, whilst B drives 24 miles, after which they 
are 25 miles apart. In what direction did B drivel 

10. If the equilateral triangle described on one of tlie sides of a 
triangle be equat to the sum of the equilateral triangles described on 
the other two sides of it, the angle contained by these two sides \n a 
right angle. 

A, E. 9 
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plane locl 

If all the points on one or more lines, straight or curved, and no other points, 
satisfy given geometrical conditions, the line or lines form what is called the locus 
of the points satisfying the oonditions. 

If X be the loons of points satisf3ring certain given oonditions, and Y be the 
locns of points satisfying other given conditions, then the point or points of 
intersection of X and F, and no other points, satisfy all the given oonditions. 

If a geometrical magnitude, such as an angle, a line, or an area, can be 
expressed in terms of a magnitude, which is fixed or given ; or, if it keep the same 
value throughout while changing its position gradually according to a given law; 
it is said to be a constant. For example, the sum of the three angles of a triangle 
is constant (I. xxxii.) ; if a circle be given, its radius is constant (Def. 15) ; if the 
base of a triangle be a given line, and the vertex be any point on a given line 
parallel to the base, the area of the triangle is constant (I. xxxvii.). 



EXERCISES. 

1. Find the locus, in a fixed plane, of 

(i) Points at a given distance from a fixed point. 

(ii) Points at a given distance from a fixed circle, 

(iii) Points at a given distance from a given straight line. 

(iv) Points equally distant from two given points. 

(v) Points equidistant from two given intersecting lines. 

(vi) The vertices of equal triangles, which are on the same base, 
and on the same side of it. 

(vii) The points of bisection of lines drawn from a given point to 
meet a given straight line. 

2. From a given point, draw to meet a given straight line, a 
straight line of given length. 

3. From the vertex of a scalene triangle draw a straight line to 
the base, which shall exceed the less side by as much as it is exceeded 
by the greater. 

4. Find a point such that the perpendiculars let fall from it on 
two given straight lines shall be respectively equal to two given straight 
lines. Shew that there are four such points. 

5. Construct a triangle, having given two sides and the angle 
opposite one of them. 

6. Find a square equal to the difference of two given squares. 

7. Draw a straight line equal to one straight line, parallel to 
another, and terminated by two other given straight lines. 

8. Find the locus of a point, the sum of whose distances from two 
fixed lines is constant. 

9. Find the locus of a point, the difference of whose distances from 
two fixed lines is constant. 

10. From any point within an equilateral triangle the sum of the 
perpendiculars on the three sides is constant. 
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SYNTHESIS AND ANALYSIS. 

In GemaeJ rical Si/athetis wfi deraonstrnte a new theorem, or Bolve d new problem, 
bj BuoocBsive atepa of reaaoning from resnlts previoualy asaumed or established. 

In Geometrical AnalytU we aHBnme the troth of ft thBocern or the solution of a 
problem and, by reasoning from this asaamption together with leeulta pieTioiisly 
established, are often able to diBCOTer the atepa, by whLoh we may prove or effect 
aynthenlieallj what haa been aaHumed. 



EXERCISES. 

1, Coustnict a nght-aog!ed isosceles triangle having giv 



2. Inscribe a. square in a given right-angled triangle, 

S. Through a given point iliuw a straight line such that the part of 

it intercepted between two given ptirallel straight lines may be equal to 

a given line. 

4. Two straight lines AB, AC are given in position. Find in AB 
B point P such that a perpendicular being drawn from it to AC, AP 
may exceed this perpendicular by a given length. 

5. ABG is a triangle. Draw a straight line of given length per- 
pendicular to BC and terminated by AC, CB. 

6. BAC is the gi-eateat angle of the triangle ABC. Divide it into 
two parts whose difference shall be equal to the angle ABC. 

7. Construct a right-angled isosceles triangle having given : (i) the 
sum of the hypotenuse and one side ; (ii) the difference between the 
bypateiiuse and one side. 

8. Oonstruct an isosceles triangle, whose vertical angle is equal to 
a given angle, and whose base is equal to a given line. 

9. AB, AC are two given straight lines, and P a given point in 
AB. Draw through P a straight Ime to meet AC at Q m that the 
.uigle APQ may be three times the angle AQP. 

10. Divide a straight line into two parts auch that the square on 
one part may be double the square oti the other. 

11. Find a point in a given straight line at a given distance from 
a given straight line. 

12. P is any point in AB, a side of the tiiangle ABG. Draw from 
P a straight line to meet BC in Q and AC produced in B, such that PQ 
may be equal to QR. 

13. Three straight lines AB, AC, AD meet at A. Draw a 
straight line cutting thew so that the two parts intercepted may he 
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EXERCISES (continued). 

14. From a given point without an angle BAC draw a straight 
line such that the intercept between the point and the nearest line may 
be equal to the intercept between the two lines. 

15. Find a point I) in the hypotenuse AB oi & right-angled 
triangle ABC, such that BB may be equal to the perpendicular from D 
on AC, 

16. In the base of a triangle find a point from which lines drawn 
parallel to the sides of the triangle and terminated by them are equal. 

17. ABC is a triangle in which C is a right angle. Draw a 
straight line parallel to a given straight line, so as to be terminated by 
CA and CB and bisected by AB, 

18. Describe a triangle, whose base shall be three times that of a 
given triangle and whose area shall be equal to that of the given 
triangle. 

19. Construct a triangle, having given two sides and the area. 

20. In two parallel straight lines find two points equidistant from 
a given point, and such that the line joining them is parallel to a given 
line. 

21. Through four given points draw four straight lines which shall 
form a square. 

[See Ex. 16, p. 101.] 

22. Draw a line parallel to a side of a triangle so that the 
intercept on it by the other two sides may be equal to (i) the sum, 
(ii) the difiereuce of the segments of the two sides adjacent to the first 
side. 

23. Construct a square equal to the sum of (a) two, (b) three 
given squares. 

24. Describe a parallelogram having given a side, an angle, and a 
diagonal. 



END OF BOOK I. 
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The Satirea and Epiatlea. In Engliah Verse by J. Coning- 

tan, U.A. 6th edition. 6s. M. 

DluBtrated from Antique Gema by C. W. King, U.A. The 

tort rariBsd witb Introdartion bj H. A. J. Mnnro. M.i. Largo 8vo. 11. It 

Horaoe's Odea. Englished and Imitated byvarioua hands. Edited 

by C. W. P. OoDpBr. OroKn Syo. Bs. 61I. 
LuBua InterdsL Verses, Translated and Original, by H. J. 

Hndgson, M.A., tonncrlj Follnw of TrinitJ College, Cnmbrid-q, .is. 

ProperilttB, Terse Translations from Boob V., with revised Latin 

Tart. Ej F. A. PaJay. M.A. Fcttp.Bio, Sg. 
Plato. Gorgiaa. Trimalatedby B. M. Cope, M.A. 8to. Is. 

Philebns. Translated by F.A.Pale^.M. A. SmallSvo. Am. 

Theietetua. TranslatedbyF.A.PalBy.M.A. BmallSvo. it, 

Analysis and Indeiof the Dialogues. ByDr.Day. PoatSvo.Ss. 

Reddeuda Beddlta : Fassages from English Poetry, with a Latin 

VatBO Translo-tion. Bj F. B. Grotton. Crown Sto. Bs. 
Sabrlnea Corolla in hortolis Gegiie Soholffi Salopleneis contexnemut 

trea liri Horibna legendis. Bditia tartla. Sid. S>, 6d. 
Theoorittis. In EngUsh Verse, by 0. 8. Caherley, M.i. New 

Edition, cevissd. Crown 9io. Ts. Sd. 

TranalationB into English and Latin. By C. S. Calverley, M.A, 

Foitaro. 79. fid. 

into Greek &nd Latin Vetae. By B. C. Jehb. 4to. cloth 

Kilt. IDE.ed. 

Between Whiles. Tianalationa by B. H. Gennedy. 2nd. Edition, 
lerind. Grown Bro. St. 
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REFERENCE VOLUMES. 

A Latin Qranmiu-. By Albert Harkness. Post Svo, 6«. 

BjT. H.Key, M.A. 6th TbonEand. Post 8to. St. 

A Short Latin ararnmu- for SohoolE. By T. B. Eaj, M.A. 
F.R.B. Uth Edition. PoRBio. 3t. U. 

A QnidB to the Oholoe ot OlaHiool BoohB. B; 3. B. Mayor, U.A. 
The Theatre of the GreekB. By J. W. DonsldBon, BD. 8tb 
KelghtleyB Uythology of Greece and Italy. 4th Edition. 6>. 



A History of Roman Literature. By W. B. Tenffel, ProleBSor at 
theDaiTerfitjotTahm^n. Bj W. Wagner, Ph. D. 2 toIb. Dsinj Bvo, fflJ. 

Studenta Guide to the UniTerBlty of Cambridgs, 4th Edition 
reriaed. Fcap. Sto. iV. W, ; or Id Pnrts.— Part 1. i«. M. ; Partn 2 to 9, Is. 



CLASSICAL TABLES. 

Latin Aonideooe, By the Eev. P. Frost, M.A. U. 

Latin VerslfioatiDii. li. 

Notabilla Qnffldam; or the PriucipaJ Tenaea of moat ol the 

Irrsfnlar Greet Verba and Elemcntmr firenk, Latin, and FrBnoll Con- 

stmati«D. New EditiDa, Is. 
Kehmond Rulea for the OrJdlau Diatioh, &c. By J. Tate, 

M,JL Is. 
Tbe Principles of L&tdn Syntas. Is. 
OreekVerbs. ACatoIogueof Verba, IrregnlarajidDeCectiTe; their 

ludiuff fonnlLtiona, tenses, and infleiiona, witll PBfaditnnBforaonlflAtuiL 
RnleBlDrfoniuitiDnDttfDiec&D.&c. B7 J. B. Baird, T.O.D. St.«d. 

Greek AQoenta (Notes on). By A. Barry, D.D. New Edition. It. 

Homerlo Dialect. Its Leading Forms and Pecnliarities, By 3, S. 
Bttird, T.C.D. New Edition, byW. ». Bntborford. If. 

Greek Acotdenoe. By the Her. P. FroBt, M.A. New Edition. 1(. 



CAMBRIDGE MATHEMATICAL SERIES. 

Algebra. Choice and Clmnce. By W. A. Whitworth, M.A. 3rd 

KdHJon. fit. 
Enolid. Exeraisea on Enolid and in Modem Geometry. By 

J. McDowf.U, M.4. 3rd Edition. Si. 
Trieonometry. Plane, By Eav. T.Vyvyan,M.A. 2ndEdit. Bt.QiU 
Geometrioai Conic Sections. By H. G. Willis, M.A. Man- 

chuMt Onunmu Sohool. Ti. Sd. 
ConioB. The EJemt-nfttry Geometry of, 4th Edition. ByO. Taylor, 

D.D. 4iuM. 

Solid Oeometry. By W. S. AJdie, M.A, 3rd Editioa. Of. 



Jlieid DjnaniioB. By W. S. AltUs, M.A. 4i. 

Kementary DsnamlcB. By W. Garnett, M.A. 3cd Edition. 6c. 

Heat. Ab Elementary Treatise. By W. Gniiiett, M.A. 3rd Edit 

Bydroraechanics. By W. H. Besanl, M.A., F.R.S. 1th Edition. 

Pai-tl. HjdroatiLtiOi. 51. 

Ifeabanioa. Problems in Elementary. By W. Walton, M.A. S*. 



CAMBRIDGE SCHOOL AND COLLEGE 
TEXT- BOOKS. 

' A Seriei of Elementary Treatiiei for the u»e of StudetUM tn ti 
UaiversitUi, Sckoolt, and Candidateifor the Publie 
Fxamimtions. Fcap. 8oo. 
I Aiitbmetia. By Rer.C.EIsee, M.A. Fcap. Bvo. lltbEdit, Si.Sd.. 
r.JUeebra. By tbe Rev. C. Elaee, M.A. 6th Edit, ii. 
■. Arlthroetlo. By A, Wrigley, M.A. Sir. 6i 

— A Progressive Cowse ol Examples. With AnBiretg. By 
. n^BtMn, M.A. Stli Editton. 2a.6d. 
LAIgebra. ProgreBsive Conrae of Examples, By Bev. W. P. 
* M-UichiieI,U.A.,DndR.ProwdeSmitli,U.A. Siil Editien. Si.&L WiUi 

L Fliuie Aatronomy, An Introduction to. By P. T. Main, M.A. 

L OoDio SaetloDB ti'eated Geometrioally. By W. H. BoBant, M,A. 

r +tli Edition. 4«, 6d. Sulnlion to the Eiaaiplm. In, 
I Zilemantaiy Conio Seolions treated Geometrically. By W. H. 
f Bpsant, M.A. [InllupnB. 

^^ CouiCE. KnimciHtioii!.ii\itllM!,Tm-s. Bj \V. H. Besani, M.A. Is.fld. 

lofl, Elementary. By Kev. H, Goodwin, D.D, Bad Edit. 3t, 
kET<lK»tEitias, Elemeutary. By W. H. Besant, M.A. 10th Edit, 
[ HenBuratioa, An Elementary Treatise on. By B.T.Moore, M.A. B*. 
P^Mewton'a Principla, The First Three Sectioaa of. with an Appm- ] 



r) Blai. 



. By J, 



lti<in,b?P.T. Main, M.A. 
[■OptioB, GflomatricaL With Answers, By W. B. Aldia, M.A. ; 
L^naljtioal Geometry for Schools. ByT.G.Tyvyan, 4thEdit. 4(.6il; I 
T <beek Testament, Companion to the. By A. C. Barrett, A.M. 1 
I 5th EdiUon, cerieed, Fcap. Ero. 5s. ' 

Book of Oommon Prayer, An Historical and EipUnatoiy Treatisa 

on liiB. Bj W. a. HumptrT, B.D. 6th Edition. Fcap. 8to. t>. M. 
ICuBlo, Text-book of. Bj H. C, Banister, 11th Edit, reviaed. Si. 

ConciBB Hietory of. By Est. H. G. Bonavia Hnnt, B, Mui. 

Oioii, 6th Edition TBviMd. 3a. «d. 

ARITHMETIC AND ALGEBRA. 

Set foregoing Seriee. 
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GEOMETRY AND EUCLID. 

EuoUd. TliP FiTEt Two Books eiplained to Beginners. By C. P. 

Uuon, B.A. Znd BditiDU. IVnkp. 8to. 2>. fld. 
The Enuaolatlous and Figures to Euclid's Elements. By BeT. 

J.BiMse.C.D. Ki'>vBdition. Fcap.Bro. U. On Oarda, is ouo, &>. 



Elementary Oeometrical Conic SeotioiU!. By W. H. BeasnC, 

M.A. [InHuprm. 

Elemeatary Geometry of Conies. By C. Tajlot, D.D, 4th Edit. 

Bro. iifiii. 
An latrodiiotion to Ancient and Modem Oeometrf of Conloa. 

ByO. Tajldt. M.A. 8yo. J5<, 
Solnttons of Geometrical Problems, proposed at Bt, John's 

C3Uo?c trom 1830 to 1810. Br T. Gaildii, M.A. 8™. I2i, 

TRIGONOMETRY. 

Trigoaometry, Introduction to Plane. By Rer. T. G. Vyvyaa, 

Cblirtnvl.r>™c. I'lul Edition, Cr. Bvo. .Ir di. 

An Elementary Treatise on Mensuration. By B. T. Moore, 



ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALCULUS. 

An IntroduQtlon to Analytloal Plane Geometry. By W. P. 

Xombiill, M.A. 8vo. 12t. 

ProbloroB on the Principles of Plane Ca>ordinat9 QeometrT. 

Bj W. Walton, M.A. 3ro. 16s. 

Irlllnear Co-ordinates, and Modem Analytical Geometry of 

T«o Dimensions. By W. A, Whitivorth, M.A. Svo. IBs. 

An Elementary Treatise on Solid Geometry. ByW. S. Aldis, 

M.A. 3ria Edition ra.iaod. Cr. 8=0. Bi. 
Elementary Treatise on tlie Differential Calculus. By M, 

O'Brioo, M.A. 8<o. Ks.ad. 
Elllptlo Functions, Elementary Treatise on. By A. Cayley, M, A 

MECHANICS & NATURAL PHILOSOPHY. 

Statloa, Elemeutary. By H. Goodwin, D.D. Fcup. 3vo. 2nd 

Editign. 3s. 

Dycamloi, A Tieatiae on Elementary. By W. Gatnett, M.A. 

Sri EdittoB. Orown Bro. U. 
Dynaaiics. Ei(nd. By W. S, Aldia, M A. it. 
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Elementar? Mechajiica, Problems iu 



By W. Walton, M,A. New 
By W, Walton. 2iid Edit. 



Tiieoretlaal Meolianica, Problems ii 

■ roiiaod and enlarged. Dflnjy Bio. Ife. 

HydroBtatloa. ByW.H.Bpsant,M.A. Fcap.8vo. lOthEdition. 1(. 

Hydiomeohanica, A Treatise on. By W. H. Beeant. U.A., F.R.S. 

8to. 4th Edltiod, rsvlBed. I'art 1. UjarosUtios, 5a. 

DynamioB of a Partiols, A Treatiaa on the. By W. H, Beaant, M.A. 

[iVepnriBff. 

Optica, GeometriooL By W. S. AJdis, M.A, Feap. 8vo. 3». 6d. 

Double Hefradion, A Chapter on FrBSnel'B Theory of. By W. S. 

AJdis. M.A. 8vo. 2.. 
Hoat, An Elementary Treatise on. By W. Gamett, M.A. Crown 

Newton's Prinolpia, The First Three Sections of, with a 
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1 Appen. 
U.A. 5tli 



3 Plane. 



? P. T. Main, M.A. 



A^trouoDiy, Fraclicat and Sphsricol. ByIt.Main,M.A. Bto. 14f. 
Aatrouomy, Elementary Chapters on, Irom the ' Astronomie 

FtijBiqua-oEBiQt. B7H. QoodwiD, D.D. Bto. 3i.ti. 
Pure MatbemaUoa and Natural FhiloBopiiy, A CompeDdirun ol 
Fm» and FDnanla in. Br Q. R. BmaUey. 2nd Edition, reread hj 
J. McDoweU, M.A. Fmp. 8ro. 3s, ed. 
Elementary Mathematioal PormultB. Ey the Rev. T. W. Open- 
By H. Goodwin, D.D. 
I, adapted to tlie ' Elementary Ooiuae of 
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Problems and Examplf 

Ms.thcnuitic2.' 3rd Edition, evo. as. 

Solution!! of Goodwin's Colleotion of Problems and Ezamplea. 

BjW.W. Hutt, M,A. 3rd Edition, reviflod and enJarBSd, 810. »i. 
UeohamcB of Conatructlon. Witli numeroua Examplea. By 

Pure and Applied Calculation, Notes on the Principles of. By 

Eev, J. ChaUia, U.A. Deny 8vo. lit. 
FbyaloB, Tbs Mathematical Principle of. By Kev. J, CIialliB, U.A. 



TECHNOLOGICAL HANDBOOKS. 



1. Dyeing and Tissue Printing. By W. Crookes, F.R.S. 5*. 

2. QlasB Manufacture. ByHenryChanca.MA,; H. J.Powoll.B.A.; 

3. Cotton Manufacture. By Biohard Marsdan, Esq., of Maa- 

4. TelsgraphB and Telephones. By W. H. Preece, P.B.B. 
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HISTORY, TOPOGRAPHY, &o. 
Borne and the OuapssnA. B; B. Barn. M.A. With 85 En- 

IprailngE uul Kt Uapi ud PLuu. 'With Appeodii. ito. 31. Si. 
Old Bome. A H&ndbook for TiaveUeis. By B. Bom, M.A. 
Witb Xnpr and Flani. Dam; Sio. lOt, 6d. 

Modem Eorope. B; Dr. T. H. Djet. Sod Edition, reviaed and 

Dontmiied. StdIc. Demj Svo. 21. 12>. fld. 
The Hlatory of the Eluga of Rome. Bj Dr. T. H. Djer. Sto, 16>. 
The ^Btory of Pompdl : its Bmldings and AntiqnitisB. B; 

T. H. Djsr. 3raKdition,braneht down to 1874. Port SjD. 7i. M. 
The City of Rome: itfl HJBtory and MonnmeutB. 2nd Edition, 

rtiiml l)j T. H. Djtr. ^. 

Ancient Athena: its Eiitory, Topography, and BemninB. By 
^ O. Long. 5 toIb. 



Historicftl MapB of England. By C. H. Pearaon, Folio. -Ird 

Edition revise.!. .111. 6d. 

History of England, 1800-15. By Hairiet Maitineati, with new 
HUtory of the Thirty Yeaia' Peace, 1B15~46. By Harriet Uar- 
A. Bowes. 4th 
Enellab and aeneral History. By 



Student's Text-Book 

D. Benle. Orown Bio. 

Uvea of the Qneena of Kngland. 



ols. 7s. ( 



Cbooi 



r Ei^ltioE 



Eglnhard'a Ufo of Karl the Great (Charlemagne). TrannlatBd 
BilhNoto.byW. Glaister, M.A., B.O.L. Crown 8yo. it. 6il. 

Outlines of Indian History. By A. W. Hnghes. Small Poet 
Byo. Ss. fld. 

' Prof. Tytler. New 



An Atlai of ClasBical Geography. 24 Maps, By W. Hnghea 
and a. Long, M.A. Now Edition. ImpBriiU 8yo. 12». M, 

A Orammar-School Atlas of Claiaioal Geography. Ten Uape 
Hl«t«d fcDiu tbe aboTB. New Edition. Impennl Sro. 5a. 

Flret Olaaaloal UEapa. By the Ber. J, Tate, M,A. Srd Editi 
Imperial Sva. 7i. 6il. 

Standard Library Atlai of d&Mioal Geography. Imp.Sro.Ti.Gd. t 



jEdueaiional Works, 



PHILOLOGY. 
WXBSTEBS DIOTIOHASY OF THE ENGLISH LA:H- 
GDAGB. With Dr. Mahn's EtTmoloCT. 1 »oL 1828 paces, 3000 lUns- 
tmtioiiB. Sla. With Ippondiaa ud 70 tuldttioiuJ pi«e> ot Illmtn. 
tioni, IBIS pngef, Sit. H. 

ProBpecttifiefl, with ipeoLmen pa^Hr post Free on appbcHitiatk. 
RiohnjdBDn B Philological Diatlonar? of the £&gllBh IiOEkgoage. 

Combining- ExplBiHtEoQ v%Vh Rtrmoloer, Hud aopiooBEy illiutrBtod bj 

a. Ut, Oi.; halt mBgin, SI. 13a. ii.; maiia, 61. Vis. BopplnnrntsepBraMlr'. 
Mo. 12s. 

Supplemeatary BngUali Qlosaar;. Containing 13,000 Words and 
Meaniiigs oocurrinK tn Ensrlish LiterHtura, nut tonud in any other 
DiotioiiiHT. By T. L. 0. Daiieb. Demy Svg. let. 

Folk-Etymology. A Dietionary of Words perverted in Fonti or 
Meaning bj False DerivatigTi or MLstolicn Aunlpgr. By Rev. A. S. Psloier. 

Brief History of the Engliah Languagi 

LL.D,, Yttlo CoUege. Foap. 8vn. Is. 
The SlemeiitB of the English Language. 

19tli Bdilion. FostSvo. ii.Sd, 
Phllologioal Eaaays. By T. H. Key, M.A., F.B.S. 8to. 10*. 6d. 
Xianeuage, its Origin and DevelopmenL By T. B. Key, M.A., 



B; Fiol. James Hiuilley, 
By E. Adams, Ph J>. 



F.a.B. 



By Aroh. 

Archdeacon Smith. DemySyo. ISi. 

d Usage. By the 



Synonyms Dlioriniiiiated. ! 

Bible English. By T. L. 0, 

The Queens English. A Manual of Idiom i 
late Oeau Alferf 8th HUtion. Fcap. Bvo. Ss. 

Etymologioal Gloasary of nearly 2600 English Words de- 
rived Irom the Greek. Bj the Rev. E. J. Boj™. Foap. 3to. 3i. 9d. 

A Syrlac Qrammar. By O. PbillipB, D.D. 3rd Edition, enlarged. 

r the Arabia Language. By Bev. W. J. Bea- 



DIVINITY, MORAL PHILOSOPHY, &c. 

Hoyum Teitamenttun OrsBOum, Teitas Staphanici, 1650. By 
F. H. Serivenar, A.M., LL.D., D.C'.L. Kow Edition. Ifimo. li. 6ii, Al«o 
i,n Writina Paper, Bitli Wide MRrgin. Hnlf-bnuBd. IBs. 
By the lame Autlwr. 

Oodaz Beza Caatabrlglensta. ita. 26>. 

A Full OoUatlon of the Oodex Sinaiticua with the Beeeived Text 
«1 «!■ New THtiuaeDt, ntCh Critical Introdiwtiaa. and Bdition, rsriHd. 
FcBp. 8»0. Si. 

A Plain IntrodnotlcHi to the Oritiolsm of the New Testament. 

With Fvrtj Fuumileg Irom Aieiut Uunuorlpta. 3rd EdiUon. 8td. 1H>. 
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Bti Leoturea on the Text of the Hew Teitament. For EDgliab 

Koa.|o™. OtQwnBvo. Bi. 

The New Taatament for EogUnh Be&don, BytlialateH.illord, 

D.D. Vol. 1. Port I. 3rd Eiiit. 13;. Vol. L Pirt IL 2ni) Edit. I0>. 8*. 

Tol, II. Fart I, Sod Edit, tei. Vol. II. Put II. 2nd Bdit. I6g. 
Tbs Qreek Testameat. By the late H. Alford, DJ). VoL I. 6th 

KdJt. U. Si. Vol. U. 6tb Kdit. U. it. Vol. tU. 5tb Bdlt. ISi. Vol. IT. 

P»n I. ith Edit. 1&. Vol.rv. Part II. 4tli Edit. lli. Vol. IV. 11. ISs. 

OompanloD to the CSreeb TeEtameat. By A. 0. Barrett. M.A. 

SUiEdiCion.ronaed. Foap. 8ro, 5i. 
The Book of PBalma. A Saw Tranalation, witi IntrodnotionB, &e. 
BitkBVervUav. J. J. BtowBrtPorowno, D.D. 8.0. Vol. I. Sth Mltioii, 
lb. Vol. II. 5-'-'" "• "- 

Edition. Crown 8to. I0«. M. 



I. 5t!i Edit. 

Abridged for SdiooU. 

Histonr of the ArtlcIeB of ReUglon. 



BdJtioi 






3rd 



History of the Creeda. Bj J. : 



By C. H. Hardwiot. 
Lumby, D.D, Snd Bdition. 
early editiaa. 



Pearson on the Creed. CnteCaliy priuted from ai 
. With AnalydaHDd Index b;E.WBlIord,M,A, Poftaro. as. 

An HlBtorloal and Sxplauatorr Treatise on the Book of 

~ ~ ~ "" * iti Edition, anlarged. 

T. W. G. Hnmphry, 



1 the OoBpelB for the Sundays and other E0I7 
ieCiiJi Teu. B> Ber. W. SanMn, A.U. »e<r Bditbw. 
sRdae - ■ 



A Oommentarv o 

Daj^ of tha Ohrti 

^„^i_ o — c °"ld separately. 

Comtaentary on the Bplstles for the SundayB and other Holy 

Daja of the Chrlatlan Tear. Ly Eav. W. Denton, A.M. 2 volj. 3Bj. Sold 
OonunentaJT' on the Acta. By Rev. V,'. Denton, A.M, Tol. I. 
notes on the Catechism. By lit. B,ev. Bishop Bony. Tth E^t, 
'.. J. BoycB, MA. 4th 
1 Beligious Instruction. By Bev. E. 3. 

OhuToh Teaching tor the Church's ChUdren. An EKpoaition 

of tlis Oatoohum. Br tho Bar. F. W, Uai^r. Bq. Foap. 2s. 
The Wlnton Churoh CateahiBt. Qnsstions and Answers on tha 

TeacUng of the Chnroh Oateohlem. Bj tho lata Bev. J. 9. B. Monsell. 

lli.D, 3rd Edition. Oloth, i«.; or in Four Parts, sewed. 
Tne Church Teacher's Uanual of OtariatlBUi Instruotlon. B7 

Bar. M. F. Sadler, eath Tbaaaud. 2s. Bi. 
Short Xlsplanation of the Spl«tlea and Goapels of the Ohrli- 

tlan Year, with QaostioDi. Royal 3!mo. 2s. 6<L; call, li, 6d, 
Bauer's Analog? of Religion; vnih Introduction and Index b; 

On, Dr. Bteere. New Edition. Fcap, 3a. ed. 



Educationai Works. 13 

Ii0otiiFU on the Hiatoi? of Moral Philosopliy in EDgland. By 

W. WTuraell, D.D. Crown Bvo. &. 
Ksnt'B Cammentarr on International LckW. By J, T. Abdy, 

LItD. How and ChoBp Edition. Crown 8m lOs. 6d. 
A Manual of the Roman Civil Law. By O. Leapingwell, LL.D. 

Bto. 1&. 



FOREIGN CLASSICS. 

A leriea for use in Schools, icith English Notsi, grammatical and 

txplanatoTy, and renderingi ofdigicuU idioinalic expraiiotu. 

Fcap, Bvo. 

Sohlller's 'Wallensteln. By Dr. A. Bachheim. .^th Edit. Zi.Gi. 
Ot tha Lager and Picoolomini, 3s. fid. WnUenitein's Tod, 3i. 6il. 

Maid of Orleans. By Dr. W. Wagner, Si.6d. 

Maria Stuart. By V, KaetQer, 8i. 

Ooethe'B Hermium and Dorothea. By E. Bell, M.A., and 

K,Wflif8i, as. fid, 
Oerman Balladii, Irom Uhlnnd, Goethe, itnd Schiller. By C. Ii. 

BiBlBfeld. 3rd Edition. 3s. fid. ■ 

Oharlea xn., par Voltaire. By L. Direy. 4tli Edition. 3t. 6ii, 
Aventurea de TdlSmaque, par FSnglon. By C. J. Delilie. 2ud 

Bdition. te fid. 
Seleot FablsB of La Fontaine. By F. E. A. Oasa. I Jth Edition. 3i. 
Pfoolola, by X. B. Saintine. By Dr. Dabuo. ISth Thousand, la. Gd. 
Lamarline'a Le Taillsur de Pierrea de Saint-Point. Edited, 

with Not-na, bj J, Boipllc, Snnior Frnich Ma.-tBr, Dolwfcll Colkve. Foap. 



FRENCH CLASS-BOOKS. 

Prenah Qrammnr for Public Schools. By B«t, A. C. Olapin. M.A. 

Fcap. 8io. Sti Edition, rorised. 2s. M. 
rrenota Primer. By Ber. A. C, Olapin, M.A, Foap. Bvo, 6th Edit. 

Primer of French Philology, By Eer. A. C. Clapin. Fcap. 8to. 

2nd Edit. If. 
Le Nouveau Tr^sor; or, French Stadent'a Companion. By 

U. E, S, ISCh Bdition. Fcap. Bvo. 3t, fid. 
Italian Primer. By Kev. A. C. Clapin. Fcap. 8vo. la. 

F. E. A. GASC'S PBENOH COUBSE. 
Pirat French Book. Fcap. 8to. eGth Thousand. 1», 6d. 
Second French BooS. 42nd Thousand. Fcap. 8yo. 2i, 6d, 
Key to First and Second French Books. Fcap. 8to. 3j. 6d. 
French PablsstorEeginnera, in Prose, with Index. lothThonsand. 
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